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Abstract The technique known as “weight decay” in the literature about learning
from data is investigated using tools from regularization theory. Weight-decay reg-
ularization is compared with Tikhonov’s regularization of the learning problem and
with a mixed regularized learning technique. The accuracies of suboptimal solutions
to weight-decay learning are estimated for connectionistic models with a-priori fixed
numbers of computational units.
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1 Introduction

In a variety of applications, an unknown function has to be learned on the basis of
a sample of input—output data (Poggio and Smale 2003) (e.g., time-series prediction,
system identification, fault diagnosis, weather forecasting, image reconstruction, pat-
tern recognition, development of market models, fitting biological data). The task of
supervised learning from data can be mathematically formulated as the minimization
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of a functional defined on the basis of the probability distribution generating the data.
For a nonempty set X € R? and a joint probability distribution P (x, y) of two random
variablesx € X and y € R, Statistical Learning Theory (Cristianini and Shawe-Taylor
2000; Vapnik 1998) models the learning problem as the minimization of the expected

error functional E(f) 2 fXXR(f(x) —y)2dP(x,y), where f : X — R.

In practice, since the probability distribution P(x, y) is usually unknown, the
minimization of the expected error functional is replaced by the minimization of
the empirical error functional, defined for a positive integer m and a data sample

zé{(x,-,y,-)eXxR, i=1,...,m}as
BN E LS (ra) -
A mi:l i i) -

So, the learning problems can be modeled as min ¢ £ ( f) ,! where H is an appropriate
space of functions, called hypothesis space. Suitable choices of 7 allow one to achieve
generalization capability, i.e., the capability of a model to behave satisfactorily also
in the case of data that were not used for learning. To choose a suitable hypothesis
space, one can exploit a priori information, which represents one’s knowledge on the
unknown solution and/or expresses some desired behavior for it.

The problem of approximating a function on the basis of a data sample is often ill-
posed (Bertero 1989; Burger and Engl 2000). Regularization (Tikhonov and Arsenin
1977) can be used to cope with this drawback. One regularization approach consists
in restricting the minimization of the empirical error functional &, to a subset M
of the hypothesis space H, called hypothesis set and containing only functions with
a desired behavior. This form of regularization replaces the original problem with
the problem min repr &, (f). Another regularization approach consists in minimizing
the regularized empirical error functional, defined as E,(f) + y W (f), where ¥ :
H — R is a functional called stabilizer and y > 0 is the regularization parameter.
The corresponding model for the learning problem is min repr (E,(f) + v ¥ (f)). The
parameter y controls the trade-off between the following two requirements: i) fitting
to the data sample (via the value & (f) of the empirical error associated with f); ii)
penalizing solutions f that provide a large value of the stabilizer ¥ (f). For certain
normed hypothesis spaces H, the choice ¥ (-) = || - ||%{ allows one to enforce certain
smoothness properties of the solution (Girosi 1998). So, in this case the parameter
y quantifies the compromise between enforcing closeness to the data sample and
avoiding solutions that are not sufficiently smooth. A third regularization possibility
consists in combining the two aforesaid methods (i.e., restriction to a hypothesis set
and use of a stabilizer).

These three approaches are applications to learning from data of regularization
techniques developed during the 1960s for ill-posed inverse problems and known

I Whenever we write “min” of a quantity over a set, we implicitly suppose that such a minimum exists.
If it does not, we mean that we are interested, for ¢ > 0, in an g-near minimum point; in this case,

Je € H:E(fe) < iﬂffe?—{ Eu(f) +e.
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as Ivanov’s, Tikhonov’s, and Miller’s regularizations, respectively (Bertero 1989,
pp- 68-78).

Weight decay (see Bishop 1995 for a overview) was introduced into learning to
improve the generalization capability of a model expressed as a linear combination
of a set of given basis functions (computational units). Loosely speaking, the method
penalizes large values of the coefficients (weights) of the linear combination. It can be
modeled by adding to the empirical error functional a term given by a squared norm
(typically, the Euclidean norm) of the coefficient vector. The name “weight decay” is
justified by the fact that, if the empirical error term were not present, the minimization
through the gradient descent of the squared norm of the coefficients would lead to
their exponential decay (Krogh and Hertz 1992). Training algorithms based on weight
decay were investigated, e.g., in Gupta and Lam (1998a,b), Treadgold and Gedeon
(1998).

For linear regression problems, the performance of weight decay was theoretically
investigated in Krogh and Hertz (1992), where the case of linearization of a nonlinear
model was considered, too. As to nonlinear models, a theoretical explanation for the
generalization performance of certain neural networks trained through weight decay
was given in Bartlett (1998), where binary classification problems were studied using
tools from Statistical Learning Theory.

In this work, we investigate the weight-decay learning technique as a way to endow
a learning model with generalization capabilities. In the first part of the paper, we
compare spectral properties of weight decay with Tikhonov’s regularization of the
learning problem. In the second part, we investigate the accuracies of certain subop-
timal solutions to the same problem.

For certain hypothesis spaces generated by computational units widely used in
connectionistic models, it is known (Cucker and Smale 2002, p. 42) that the solution
to the Tikhonov-regularized learning problem has the form of a linear combination
of the m-tuple of the computational units parameterized by the input data vector x =
(x1, ..., xm). The coefficients of the linear combination can be obtained by solving
a suitable linear system of equations, and this property can be exploited to develop
learning algorithms. In the first part of the paper, in order to study the relationships
between weight decay and Tikhonov’s regularization, we consider, for weight decay,
solutions belonging to the space spanned by the computational units in terms of which
the solution to the Tikhonov-regularized learning problem is expressed. To investigate
a learning technique that combines the advantages of weight decay and Tikhonov’s
regularization, we also consider a mixed approach. We compare the three methods in
terms of spectral windows (Bertero 1989, Sect. 5.2, pp. 84-88), also called filtering
factors, which can be used to evaluate the robustnesses of regularization algorithms
against noise in input data.

Then, in the second part of the paper, we investigate the accuracies of suboptimal
solutions to weight-decay learning and to the mixed weight-decay/Tikhonov’s-
regularization learning technique, over hypothesis sets corresponding to models
exhibiting the following features: (i) flexible choices of the parameters of the lin-
ear combinations and (ii) fewer computational units than the size of the data sample.
Indeed, for large data sets, using a number of computational units equal to the num-
ber m of data (as required by the analytical expression of the optimal solution) may
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lead to very complex models and so may be computationally unfeasible. Moreover,
practical applications of such algorithms are limited by the rates of convergence of
iterative methods solving the associate systems of equations, as such rates depend on
the size of the condition number of the matrices involved therein. For some methods,
the computational requirements of solving such systems grow polynomially with the
size m of the sample (e.g., for the Gaussian elimination and m large enough, they grow
at arate m> Ortega 1990, p. 175). For some data and computational units, keeping the
condition number of these matrices small requires a large value of the regularization
parameter y, which may cause a poor fit to the empirical data.

We derive upper bounds on the rates of approximation of the optimal solutions for
sequences of suboptimal solutions achievable by minimization over hypothesis sets
formed by linear combinations of at most n < m computational units with parameters
drawn from the data set. The upper bounds are of the form A//n + B/n, where A
and B depend on the properties of the vector y = (yi, ..., yn,) of output data, the
properties of the kernel, and the regularization parameter y .

The paper is organized as follows. In Sect. 2, we shortly review the properties of
the hypothesis spaces in which we formulate the learning problem and summarize the
definitions and notations used throughout the paper. Section 3 models weight-decay
learning as a regularized minimization problem and provides an expression for its
solution. In Sect. 4, we state the Tikhonov-regularized learning problem and compare
its solution with the solution to weight-decay learning. Section 5 addresses a learning
technique resulting from the combination of weight decay and Tikhonov’s regulariza-
tion. In Sect. 6, we investigate the accuracies of suboptimal solutions provided to these
regularized learning techniques by connectionistic models characterized by an a-priori
fixed number n < m of computational units and a flexible choice of the parameters.
Finally, in Sect. 7, some conclusions are drawn.

2 Preliminaries

The hypothesis spaces where we set the learning problems are reproducing Kernel
Hilbert spaces (RKHSs), i.e., Hilbert spaces (Hg, (-, -)#,) formed by functions
defined on a nonempty set X such that for every u € X the evaluation functional

Fu, defined for every f € Hg as F,(f) = f(u), is bounded (Aronszajn 1950;
Berg et al. 1984; Cucker and Smale 2001). We consider real RKHSs. By the Riesz
Representation Theorem (Friedman 1970, p. 200), for every u € X there exists a
unique element K, € (Hg, (-, -)x, ), called the representer of u, such that for every
feHk

Fulf) =S Ki) g ey

(called the reproducing property).

RKHSs can be characterized in terms of kernels. A positive-semidefinite kernel
is a symmetric function K : X x X — R such that for all positive integers m, all
(wy, ..., wy) € R and all (uy,...,uy,) € X™
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m
Zwiij(ui,uj)zo. 2)
ij=I

If the inequality (2) holds strictly when not all the w; are zero, then we have
a positive-definite kernel.> If the function K is also continuous, then it is called a
Mercer kernel. For a kernel K : X x X — R, a positive integer m, and a vector
X = (X1,...,Xn) € X™, the m x m Gram matrix of the kernel K with respect to X is
defined as

/C[X],'ﬁj 2 K(xi, xj).

Then, a kernel is positive semidefinite (positive definite) if for every positive integer
m its m x m Gram matrices with respect to every x € X™ are positive semidefinite
(positive definite, resp.). Every kernel K : X x X — R generates an RKHS Hk.
Indeed, H g can be defined as the completion of the linear span of the set { K, : u € X}

with the inner product (K, Ky ), 2 K (u, v) (see, e.g., Aronszajn 1950 and Berg et
al. 1984, p. 81). As in every RKHS Hg, the inner product and the induced norm can
be expressed in terms of the corresponding kernel K, in the following we shall denote
them merely by (-, -)x and || - ||x instead of (-, -)3¢, and || - |3, , respectively.

By the Cauchy-Schwartz inequality, for every f € Hg and u € X one has
f@)] =[(f, Kk | = I fllk VK@, u) < sk |l fllk, wheresg = sup,cx v K (u, u).
We assume that sg is finite, as is the case with commonly encountered choices of
kernels (Scholkopf and Smola 2002). Thus for every kernel K,

sup | f(w)| < skl fllk- 3)

ueX

As for every u,v € X, K(u,v) is given by the inner product (K, K,)x, by the

Cauchy-Schwartz inequality we get | K (u, v)| < s12<.
For a positive integer d, by || - ||; and || - || we denote the standard 1-norm and

Euclidean norm on R, respectively. An illustrative example of a kernel is the Gaussian
kernel K (u,v) = e=Plu=vl3 on R x RY, where p > 0. The corresponding RKHS
contains all functions obtainable by Gaussian radial-basis-function networks with
a fixed “width” equal to p. Other well-known examples of kernels are K (u, v) =
e~ lu=vl2 K (u, v) = (u, v)? (homogeneous polynomial of degree p), where (-, -) is
any inner product on R, K(u,v) = (1 + (u, v))? (inhomogeneous polynomial of
degree p), and K (u, v) = (a® + |lu — v||*)™%, with & > 0 (Cucker and Smale 2001,
p. 38). In this paper, we consider positive-definite kernels K; to fix ideas, one can
think of the widespread Gaussian kernel.

One reason for choosing RKHSs as hypothesis spaces is that they allow one to
model generalization capability. The main tool to achieve mathematical modeling
of generalization consists in exploiting a-priori information about the behavior of

2 Some Authors call “positive-definite” the kernels for which (2) is satisfied and “strictly positive-definite”
those for which (2) holds strictly when not all the w; are zero; see, e.g., (Poggio et al. 2002, Definition 2.1).
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admissible solutions. Such information can be expressed by the choice of an RKHS
over which the empirical error &£, is minimized, since the norms || - ||x on RKHSs
defined by a large variety of kernels K often play the role of measures of various
types of oscillations of functions in those spaces. Thus, the choice of suitable RKHSs
as hypothesis spaces allows one to impose a condition on oscillations of admissi-
ble solutions to the learning problem. This can be illustrated on convolution kernels
K :RY x R? — R, i.e., kernels such that K («, v) = k(u — v) for some k : RY - R
with a non-negative Fourier transform k. For such kernels, the stabilizer can be
expressed as

F 2
2 =emie [0 g,, 4
I = oo |2 )
R

where f is the Fourier transform of f (see Girosi 1998; Scholkopf and Smola 2002,
p. 97). For example, the Gaussian kernel is a convolution kernel with a positive Fourier
transform. Another example of a convolution kernel with a positive Fourier transform
is K (u, v) = k(u — v), where k(t) = e~ I'l2_ In this case, the rate of decay of k(w)
is of order ||, @+ particular, for d = a = 1, the norm on the corresponding
RKHS is a Sobolev norm (Gnecco and Sanguineti 2007, Appendix C).

For more examples of kernels and for a discussion of their role in learning theory
see, e.g., Scholkopf and Smola (2002). We conclude these preliminaries by introducing
some notations used throughout the paper.

For a subset G of a linear space and a positive integer n,

n
span, G 2 {Zwigi tw; eR, g€ G}
i=1
and
A n
span G = [Zwigi cwi €R, gieG,ne N]
i=1
are the sets of linear combinations of all n-tuples of elements of G and all linear

combinations of elements of G, resp.
We let

Gk 2 (K, : x € X}
and
A
G, 2 (Kyepvo o Ko ).

So, span,, G ¢ and span,, Gk, are the sets of all input/output functions of a compu-
tational model with one hidden layer of n computational units computing functions
from Gk and G, respectively.
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Given a space H, a set M C H, and a functional @ : M — R, we follow standard
notation from optimization theory and we denote by

(M, ®)

the problem of minimizing @ over M. Every f € M suchthat @ (f) = min ey @ (f)
is called a solution or a minimum point of the problem (M, @). Let

argmin(M, @) = {f eM:d(f) = }ni]lvllép(f)]

be the set of solutions of (M, ®@). For ¢ > 0, argmin, (M, @) is the set of e-near
minimum points of (M, @), i.e.,

argmin, (M, @) 2 {f eM: &(f) < inf <;b(f)+s}
feM

A sequence { f,,} of elements of M is called a @-minimizing sequence over M if
lim;, 00 @(fn) = inf fepr @(f).

A functional @ : X — Ris continuous at f € X if for any ¢ > 0 there exists § > 0
such that || f — g|| < 6 implies |@(f) — @(g)| < &. A modulus of continuity of @
at f is a function « : [0, +00) — [0, +00) defined as a(a) = sup{|DP(f) — P(g)] :
If—gll <a}

A functional @ is convex on a convex set M C X if for all A, g € M and all
rel0,1], @(Ah+ (1 —-2r)g) <A1®(h)+ (1 —A)D(g) and it is uniformly convex
if there exists a non-negative function § : Ry — R, where R denotes the set of
non-negative reals, such that §(0) = 0, §(#) > O forall# > 0, and forall h, g € M
andallA € [0, 1], @(Ah+ (1 —A)g) < AP (h)+ (1 —A)D(g) —A(L —A)8(||h—gl)).
Any such function § is called a modulus of convexity of ®. Levitin and Polyak (1966)3

3 Solution to the weight-decay learning problem

Given a regularization parameter y > 0 and a positive-definite kernel K (e.g., the
Gaussian kernel), we define on span,, G g the weight-decay empirical error functional
as

Swp., (f) 2 EF) + v llesl3, ©)

where for a positive integer n and X1, ..., X, € X, the components of the vector cr
are the parameters in the expansion

3 The terminology is not unified: some authors use the term “strictly uniformly convex” instead of
“uniformly convex,” while they adopt the term “uniformly convex” for the case where § : R4 — R
merely satisfies §(0) = 0 and 8(#g) > 0 for some 79 > O (see, e.g., Vladimirov et al. 1978 and Dontchev
1983, p. 10).

@ Springer



G. Gnecco, M. Sanguineti

n
f:ZCf’jK)@j € span, Gg. (6)
j=1

Choosing a positive-definite kernel guarantees that f has a unique representation
in terms of {cy ;} and {%;}, thus ||c f||% in (5) is defined unambiguously (otherwise
one may choose, among all equivalent representations of f—possibly with different
values of n - the infimum of the squared norm ||¢ ¢ ||% of the corresponding coefficient
vector ¢ 7).

The functional (5) is defined on span G g but not necessarily on its closure, i.e.,
the whole H k. Indeed, for a continuous kernel it is easy to construct a sequence { f;, }
such that f,, € span,, Gk, || fullk — 0and |cy, ||% — oo as n — 00 . One example

. A i
of such a sequence is given by f,, = lei 1(=D" K%, ), where, for each n, when

i is odd X;(n) and x;41(n) are chosen “sufficiently close” to each other, such that
I fllx < % However, in practice the fact that the functional (5) is not defined on the
whole H g is not a limitation, as in applications the number of kernel units has to be
finite.

The number n of terms in the expression (6) is the dimension of the vector ¢ s in the
functional (5). In this section, we consider the weight-decay functional corresponding
to the choice n = m (i.e., n is equal to the size of the data sample) and x; = x; for
i =1,...,m,ie., weminimize the functional (5) over linear combinations span,, Gk,
of m kernel functions centered at the m input data.

Hence, we model the weight-decay learning problem as

(span,, Gk,, Pwp,y)- @)
The next proposition investigates its solution.

Proposition 1 Ler X be a nonempty set, K : X x X — R a positive-definite kernel,

m a positive integer, X = (X1, ..., xy) € X", K[x] the Gram matrix of the kernel
K with respect to X, y = (¥1,...,Ym) € R", and y > 0. There exists a unique
solution
m
WD,y = WD,y.i Kx;
fwpy =D cwpyiK ®)
i=1
to the problem (span,, Gk, Pwp,y), where ¢wp , = (CwD,y,1, -+ CWD,y,m) IS the

unique solution to the linear system of equations

(IC[X] Ty mIC_l[x]) Cwp.y =Y. 9)

Proof For f =31 | criKy, € span,, Gg,, the functional (5) can be written as

Klxleys oy
Jm Jm

2
Owp., (f) = H + v llesl3.
2
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According to classical results of regularization theory (see, e.g., Bertero 1989, p. 69
with L = K[x]//m, g = y//m, and @ = y), there exists a unique solution to (7)
and such a solution is a linear combination of functions in Gg,, with coefficients
given by

K2[x] KXy i) !
CW'”:( m ”I) T T = (K1 y i)y

]

Proposition 1 expresses the solution to the weight-decay learning problem as a
linear combination of kernel functions centered at the data points, with coefficients
given by the linear system of Eq. (9). For example, for the Gaussian kernel the solution
has the form of an input/output function of a Gaussian radial-basis-function (RBF)
network with m computational units (Girosi et al. 1995). Numerical issues related to
the solution of such a system will be discussed in Sect. 6.

We denote by Amax(A) and Apin(A) the maximum and minimum eigenvalues of
a symmetric matrix A, respectively. To simplify the notation, we write Amax instead
of Amax (KC[x]) and similarly for Apin. By (9), elementary spectral theory arguments,
and some algebra we have the following upper bound on the Euclidean norm of the
coefficient vector of the solution:

lewp,yll2 < llyll2.

max D EE— <
A€lhmin-Amax] A 4y mATL Iyll> = 2/ym

1 _ —1
As |l fwpyllx = 12X (KIx]+y mK~'[x]) " yll2, by (8), (9), elementary
spectral theory arguments, and some algebra, we get the following upper bound on
the K-norm of the solution:

[lfwp.yllk < Ll Iyl o Iyl
max R — - | — .
WD YK = clmimdman] A+ y mA Yiz=7 ym yiz

Note that the above upper bounds on |[ecwp |2 and || fwp,, ||k are proportional

to |lyll2//y m and ||yll2/ &y m, resp.

4 Comparison with the Tikhonov-regularized learning problem

Tikhonov’s regularization in learning from data can be formalized in terms of the
following Tikhonov-regularized empirical error functional:

A
®ry = &) + 7 1 £k (10)
where || - ||x is the norm on the RKHS Hk. The squared norm || - ||%< is used as a

stabilizer instead of || - || x for technical reasons, as the square of the norm on any Hilbert
space is a uniformly convex functional [Kirkova and Sanguineti 2005, Proposition
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4.1 (iii)], which implies uniqueness of the solution of the regularized problem (see,
e.g., Dontchev 1983, p. 10, Cucker and Smale 2001, pp. 27, 42) and convergence of
minimizing sequences to the solution Levitin and Polyak (1966). The corresponding
Tikhonov-regularized learning problem is

(Hk, @1,y). (11)

The existence, the uniqueness, and an explicit formula describing the solution to
the learning problem (11) are given by the so-called Representer Theorem (see, e.g.,
(Cucker and Smale 2001, p. 42) and Poggio and Smale (2003); Girosi et al. (1995);
Girosi (1994); Poggio and Girosi (1990)).

Theorem 1 (Representer Theorem) Let X be a nonempty set, K : X x X — Ra
kernel, m a positive integer, X = (x1,...,Xy) € X", K[X] the Gram matrix of the
kernel K with respecttoX,y = (¥1, ..., ym) € R", andy > 0. There exists a unique
solution fr, of the problem (Hg, @t ) and it has the form

m
fry =2 cryiKuy, (12)
i=1
where ¢, = (CT,y,1,-.-,CT,y,m) IS the unique solution to the linear system of
equations
(ymZ+ K[xDer,, =Y. (13)

The Representer Theorem was first proven in Kimeldorf and Wahba (1970). For
Mercer kernels, a proof based on the Mercer Theorem was used in (Cucker and Smale
2001, p.42). In Ktrkova (2004), it was derived from the theory of inverse problems, and
a proof using functional derivatives was given in (Poggio and Smale, 2003, pp. 538-
539). A weaker form of the result, without a formula for computing the coefficients
C1,.-.,Cn, 1s sometimes called “Generalized Representer Theorem,” and holds for
a stabilizer of the form ¥ (|| - ||x), where ¥ : [0, +00) — R is a strictly increasing
function (Scholkopf et al. 2001).

The optimal solution to the Tikhonov-regularized learning problem described by
Theorem 1 is an element of span,, Gk x < span,, G g, where span,, G ¢ can be inter-
preted as the set of all input/output functions of a computational model with one hid-
den layer of m computational units computing functions from G g . Numerical issues
related to the solution to the linear system of Eq. (13) will be discussed in Sect. 6.

In applications, the number n of computational units is bounded. To compare
weight decay with Tikhonov’s regularization, let n < m. The following proposi-
tion gives an immediate relationship between the weight-decay learning functional
and the Tikhonov-regularized one.

Proposition 2 Let X be a nonempty set, K : X x X — R a positive-definite kernel, n
andm positive integers, f € span, Gg,X = (X1, ..., xm) € X",y =1,...,Ym) €

R™,y >0, and y 2 y/(n S%() Then

D7,57(f) < Pwp,y(f)
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Proof For f = Zj’:] crjKz; € span, Gg, ||f||%< = Cf’C[X]C}r, where the super-
script “T” denotes transposition. For every X,y € X, one has |K (x,y)| < s%(. So we
get | flI% < llegllisg < llesl3nsg. o

By Proposition 2, for every f € span,, Gk the value of the weight-decay functional
with parameter y is an upper bound on the value of the Tikhonov-regularized functional

with parameter y 2 y/(n s%().

As, according to the Representer Theorem, the solution to the Tikhonov-regularized
learning problem (Hg, @7,,,) belongs to span,, Gk,, one can restate such a problem
as (span,, Gg,, @r,,) and compare its solution with the solution to the weight-decay
learning problem (span,, Gk, Pwp.y).

The comparison between the optimal values cw p , and ¢r,, of the coefficient vec-
tors of the solutions to problems (span,, Gk, , Pwp,,) and (span,, Gk, , Pty ), resp.,
is particularly interesting when y is an eigenvector y; of the matrix /C[x] associated
with the eigenvalue A. In this case, the equations ewp,, = (K[x] 4y mK~! [x])_1 y
ander, = (K[x] +y mZI) 'y give

1 1 A

1
e Wupa Wy (14
)»—i—ym)ﬁly)” X )»+ym)ﬁ1y)" A wp.y ()3 (14)

Cwbp,y =

where Wy p (1) = and

#
Ay mr—1?
1 1 A 1

[ — W A)Yo, 15
A+meA Ya T,y (MY (15)

C = - — =
Ly Artym )

where Wr ,, () 2 ﬁ

Following the theory of spectral windows for inverse problems (Bertero 1989, Sect.
V.C, pp. 84-88) Wwp,, and Wr , play the roles of filtering factors, which allow one
to compare the robustness of different regularization approaches with respect to noise
in the input data. Wy p ,, and Wr ,, take on small values in the neighborhood of A = 0,
hence they filter out spectral components that are more sensitive to noise. Equations
(14) and (15) express the coefficients of the optimal solutions as products of 1/A,
which corresponds to the absence of regularization, times a filtering factor, which
corresponds to the regularization term. Elementary calculations show that the two

filtering factors Wy p_,, (1) and W7 ,, (1) have the same asymptotic behavior:
lim W A) = lim Wz, (M) =0
Jim wD,y (L) Jim T,y (A)
and
li W A= 1 W A =1.
k—ir—&r-loo WD'V( ) A—}I-Poo T,y( )

Moreover, Wy p ,(A) < Wr,(A) if A <1, Wyp ,(A) = Wr, (1) if A =1,
and Wwp,, (1) > Wr, (1) if A > 1.
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5 A mixed regularized learning technique

By considering, for yr, ywp > 0, the minimization of the mixed regularized
functional

A
OwoT.yrywn () = E(F) +yr 1 f 1% + ywp lesl3,

it is possible to combine weight decay and Tikhonov’s regularization. Within the con-
text of learning in Sobolev spaces and with an (ideally) infinite number of samples, an
analysis of such an approach was made in Burger and Neubauer (2002). For simplicity
and without loss of generality, welet yr = ywp = % and define the mixed-regularized
learning problem

A
Pwpr.3(f) = Pwpry ;).

The next proposition investigates the problem (span,, Gk, , Py pT.% ) and gives a
formula for its solution.

Proposition 3 Ler X be a nonempty set, K : X x X — R a positive-definite kernel,

m a positive integer, X = (X1, ..., xy) € X", K[x] the Gram matrix of the kernel K

with respect to X, Yy = (y1, ..., ym) € R", and y > 0. There exists a unique solution
m

fWDT,% = Z CWDT,g,ini (16)

i=1

to the problem (span,, Gg,, @WDT’%), where the coefficient vector Cwpry =
(cwpr L1see CWDT.L ) 18 the unique solution to the linear system of equations

(IC[X] n %m T + K '[x] )) Cwpry =¥. (17)

Proof For f e span,, Gg,,

Klx]eyr
¢WDT,)/T,}/WD(f) = \/% -

2
1
+yr IK2[xlef 13 + ywo lles 13

1 2
2
(IC[X] + VW—DZ) ¢/
yr )

v
Jm

C|Kixle oy |
‘H Jml, T

N

2
2

By the extension of Tikhonov’s regularization from (Bertero 1989, p. 79) setting

A . .
Yr =YwD = % allows the coefficients of the minimizer over span,, G, of @y, pT%
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to be given by

(KXl |y KXl y
wam.g—( m *5(’“"]”)) NG

= (Kix1+ L (7 + /c—l[x]))_1 y.
O

Similarly to Proposition 1 and Theorem 1, Proposition 3 expresses the solution
to the mixed learning problem as a linear combination of kernel functions centered
in the data points, with the coefficients given by the solution to the linear system of
Eq. (17). Numerical issues related to the solution of such a system will be discussed in
Sect. 6.

Recall that we denote by Amax (A) and Apin (A) the maximum and minimum eigen-
values of a symmetric matrix .4, respectively, and that, to simplify the notation, we
write Amax instead of Apmax (C[x]) and similarly for Apyin. By (17), elementary spec-
tral theory arguments, and some algebra we obtain the following upper bound on the
Euclidean norm of the coefficient vector of the solution:

1
Iyle = ——=———1lyll2.

Ity pryll2 =
WDT, 5 -
2 %m—i—%m

max
3elhmindmax] A 4 5 m(1 4271

1 _ —1

As || fwpr.yllk = IK2[x] (KIx]+ 5 m@ + K~ [xD) " yll2, by (16), (17), ele-
mentary spectral theory arguments, and some algebra, we get the following upper
bound on the K -norm of the solution:

S

max
A€[Amin.Amax] A 4 %m(l + )\._1)

\/F

<
T+ Em1 4

Wfwpr zllk = lyll2

Iyl2.

A %m+4 /(% m)24+12 % m
2

where \* =

[0, +00).
The expression ¢y, = (K[x]+ §m (T + K [x]))*1 y has to be compared
.

is the value that maximizes

Vi
T Emran OVer

with the expressions ¢y, = (K[X]+ (v mlC’l[X]))_l yand c¢sp, = (ymZ
+K[x])~! y for the coefficients of the solutions to the weight-decay and Tikhonov-
regularized learning problems, respectively. An interesting comparison can be made
in terms of filtering factors, when y; is an eigenvector of K[x] associated with the
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eigenvalue A. In this case, we get

1 1 A

Cme% = k—i—%m(l—i-)ﬁl)y)”:Xx+%m(1+k’l)y)‘

= Wwpr 5 (MY,

where Wy, pr. 4 ) 2 is the corresponding filtering factor.

Table 1 summarizes the solutions and the filtering factors for weight-decay lea-
rning, Tikhonov’s-regularization learning, and the mixed weight-decay/Tikhonov’s-
regularization learning.

For a comparison with the previous two filtering factors, the behaviors of Wy p ,, (1),
Wr,, (), and WWDT’% (1) are reported in Fig. 1. Note that the graph of WWDT% )
lies between those of Wr ,, (1) and Wy p , (A). The three curves intersect at A = 1
(independently of the value of ym); hence, for an eigenvector associated with A = 1 the
three regularization terms are equal. A significant fact is that “small” values of A in both
Wwp,y (1) and Wy, pp 4 (A) are filtered out more than in Wr ,, (A) (indeed, computing

0) =0,

WDT,%
whereas W/T’ y(O) = VLm). This gives a theoretical motivation for the use of weight
decay (or weight decay combined with Tikhonov’s regularization) in learning from
data. Indeed, also for numerical reasons one may wish to have an upper bound on
the size of the coefficients ¢ s; of the learned regressor f = > /| cs,iK,. However,
when one has Tikhonov’s regularization, the filtering factor Wr ,, (1) may not suffi-
ciently penalize small values of A. Thus, the learned regressor fr , corresponding to
Tikhonov’s regularization may have a large value of ||¢y ||% although it may have, for
sufficiently large values of the regularization parameter, a small value of || f ||%<.

In Fig. 2, we show that for different values of the parameters | and y; it is possible
to make the graphs of Wr ,, (1) and Wy, pT.R (1) “very similar” to each other, for
sufficiently large values of A, still preserving a more desirable smoothing behavior of
Wy br, B (A) for sufficiently small A. It is likely that the location of the threshold can
be controlled more easily by allowing for different values of y7 and yw p in the mixed
regularized functional.

Finally, it is interesting to observe that, although the actual eigenvalues of K[x]
depend on the random extraction of data, the filtering factors Wwp , (1), Wr , (),
and Wy, pr. ¥ (%) depend only on the product ym, i.e. the product between the regu-
larization parameter and the number of samples.

the derivatives of the three filtering factors we obtain W;V Dy 0) =W

6 Suboptimal solutions to weight-decay learning

Proposition 1, Theorem 1, and Proposition 3 give explicit formulas for the solutions
to the learning problem regularized via weight decay, Tikhonov’s regularization, and
the mixed weight decay/Tikhonov approach, respectively. The expressions (9), (13),
and (17) for the coefficients of the linear combinations providing the solutions to the
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Fig. 1 Plots of the three filtering factors Wy p ,, (1), Wr (1) and Wy, ;1 3 (&) for y m = 1. Similar
plots are obtained for the other values of y m

filtering factors

Fig. 2 Plots of the filtering factors Wr ,, (1) and WWDT v (A) foryym =1land yom = 1.6
)

respective problems require one to solve linear systems of equations, so in principle
they can be used to design learning algorithms. For algorithms based on the Representer
Theorem, see, e.g., (Cucker and Smale, 2001, p. 42) and (Poggio and Smale, 2003,
pp- 538-539). As discussed in Kirkova and Sanguineti (2005), their applications are
limited by the rates of convergence of iterative methods solving the linear system of
Eq. (13), which depend on the size of the condition number of its matrix. Similar
drawbacks hold for the linear systems in (9) and (17).
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Recall that the condition number of a nonsingular m x m matrix A with respect to
anorm || - || on R is defined as

cond(A) = Al A,

where ||.4|| denotes the norm of A as a linear operator on (R™, || - ||). Itis easy to check
that for every norm || - || on R” and every m x m nonsingular matrix A, cond(A) >
[Amax (A)]

(we denote by Amax (A) and Amin (A) the maximum and minimum eigenvalues

[Amin (Z)l . . . . .
of a symmetric matrix A, respectively), and for every symmetric nonsingular m x m
matrix A, condy(A) = ‘C\‘:‘n‘x((A)) Il , where cond;(A) denotes the condition number of A

with respect to the || - ||2-norm on R™ (Ortega 1990, p. 35).

As we consider positive-definite kernels, the matrix KC[x] is positive definite, so all
its eigenvalues are positive (Ortega 1990, p. 7). By simple algebraic manipulations and
spectral theory, for the condition numbers of the matrices involved in the solutions of
the linear systems (9), (13), and (17), we get (recall that, to simplify the notation, we
denote by Amin and Amax the minimum and maximum eigenvalues of the Gram matrix
KC[x], respectively)

max)\e[)hmina)hmax] {)\ + %}

min)hel)vmins)\maxj {)\‘ + VTm}

condy (K[x] + y m ’C_I[X])

ym
Amax + Domin Amax AminAmax + ¥ m
Amin + % Amin AmaxAmin + ¥ m

= cond, (K[x]), (18)
Ams A
condy(y mT + K[x]) = L Amax _ Amax o4 (KIxD. (19)
Y m + Amin Amin
A o
conds (y mT + K[x]) = — L L
Y M + Amin Y M + Amin ym
(20)

Amax + 5 m (1 + 5

1
in

)

kmin“‘%m(l‘{' L )

}»max

IA

cond, (K[x] + %m(z + K7 xD)

. Amax AminAmax + %m()\min +1)
Amin  AmaxAmin + %m()"max + 1)
< condy (K[x]), 2D

and

)‘-max

kmin‘i‘%m(l‘i‘ ! )

A max

conds (K[x] + %m(I + K7 'x)) <

%m (1 + )\nllin)

+
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< );max + Amax %m ()L;nin +1)
Fm Amin  AminAmax + 5 m(Amax + 1)
< Amax Amax %m (Amin + 1)

% m Amin  AminAmax + % m Amax

A L m (min + 1
_ ymax 42 (Amin y) . 22)
Fm Amin (Amin + 5 M)

When cond; (K[x]) is sufficiently small, Eq. (18), (19), and (21) guarantee good
conditioning of the respective matrices, for every value of y. However, for large values
of the size m of the data sample, the matrix /C[x] might be ill-conditioned. For example,
when the data are uniformly distributed over an interval, the probability that [C[X] is
ill-conditioned increases with m (see Cuesta-Albertos and Wschebor 2003, Theorem
2.2 and Demmel 1987, Theorem 5.1). On the other hand, as

A
lim (1 + ﬂ) =1
y—>0o0 ym

and

lim
y—)OO

Y .
();max + zm()‘mln +y1) ) =14+ -,
Fm Amin (Amin + 3 m) Amin
Equations (18), (20), and (22) guarantee that the regularization parameter y can be
chosen such that cond, (K[x]+y m K~ ![x]), conds (y mZ + K[x]), and cond, (K[x] +
% m(Z+ K~ [x])) are close to conds (K[x]), 1, and 1 + ﬁ, resp. Unfortunately, good
conditioning of the matrices is not the only requirement for y, as its value must also
allow a good fit to the empirical data and thus cannot be too large. The problem of
choosing y in order to minimize the expected error was investigated in Cucker and
Smale (2002).

When a value of y guaranteeing both a small condition number and a good fit to the
empirical data cannot be found, one has to develop algorithms for learning from data
that differ from the one based on Proposition 1, Theorem 1, and Proposition 3. A variety
of learning algorithms have been developed in the field of neurocomputing. Typically,
such algorithms operate on connectionistic models with fewer computational units than
the size m of the data sample used as a training set. The number of computational units
in such networks is either set in advance or adjusted during learning, but, typically, it
is much smaller than the number m of data. Moreover, the values of the computational
units’ parameters (e.g., the centers in the case of RBF networks) are not necessarily
set equal to the input vectors from the data sample, but are often optimized during
learning.

In contrast with the respective optimal solutions, which are linear combinations of
K,,, ..., Ky, determined by the sample x = (x1, ..., x,;) of input data, suboptimal
solutions are formed by linear combinations of n < m such functions, or they belong

to arbitrary n-tuples of elements of G 2 {Kyx : x € X}. In applications, a proper
n-tuple together with coefficients of the linear combination can be adjusted by a

@ Springer



The weight-decay technique in learning from data: an optimization point of view

suitable nonlinear programming algorithm, such as gradient descent (Bertsekas 1999,
pp. 103-106, 173-174) (possibly with additive stochastic terms to avoid local minima),
genetic algorithms (Goldberg 1989), and simulated annealing (Aarts and Korst 1989).

Estimates of the rates of approximation, by suboptimal solutions to the problems
(span, Gg,, @1,,), of the solution fr, provided by the Representer Theorem for
the Tikhonov-regularized learning problem (Hg, @7, ) were derived in Kiirkovd and
Sanguineti (2005). As, for every positive integer n, span,, Gg, < span, G, the esti-
mates also hold for (span, Gk, @7, ). In the following, we investigate the accuracies
of suboptimal solutions over (span,, Gk,, ®wp,,) and (span, G, Pwpr,3) to the
solutions fwp.y, fwpr,z provided by Propositions 1 and 3, resp. It is known that, in
general, weight decay with the || - |2 norm does not guarantee the sparseness of the
optimal solution (better sparseness properties can be obtained with the || - ||} norm
Bishop 2006); this motivates our investigations on sparse suboptimal solutions.

To estimate the rates of approximation of fwp , and fy, DT.%> which can be
obtained by suboptimal solutions to the problems (span, Gk,, Pwp,,) and (span,
Gk Pwpr.3)s respectively, we shall exploit the following theorem from Kurkova
and Sanguineti (2001). It is a special case of a reformulation (given in Kirkova 1997,
see also Kurkova et al. 1998) of a result on the approximation of elements in the
closure of the convex hull of a set, by n-tuples of its elements. Given an orthonormal
basis F of a Hilbert space X, by | - |1, we denote the 1-norm with respect to F.

Theorem 2 (Kirkova and Sanguineti 2001, Theorem 2) Let (X, || - ||) be a Hilbert
space and F its orthonormal basis. For every ¢ € X and every positive integer n,

I3 - — I FII2
I — span,, F|| < \/%.

We start by estimating, for increasing values of the number n < m of elements in
the linear combinations, the rates of approximation of fw p,, by suboptimal solutions
to the problems (span,, Gk, , Pwp,y). For f = > 7, c¢siKy, € span, Gg,, we let

n
- A
Pwp.y(cr) = Pwp,y (Z Cf,in,-)-
i=1

So, <fJW D,y 1s an n-variable function obtained from the functional @y p , for f =
ZLI criky;.
The next proposition states the continuity and convexity properties of @wp ;.

Proposition 4 Let X be a nonempty set, K : X x X — R a positive-definite kernel,

e A
m a positive integer, X = (X1,...,Xn) € X",y = V1, -++»Ym) € R™, |Y|max =

max{|y;| : i = 1,...,m}, v > 0, and Amax the maximum eigenvalue of the Gram
matrix KC[X]. Then for every positive integer n < m

() the function Py D,y Is uniformly convex on span, Gg,, with a modulus of
convexity ytz;
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(ii) forevery f = Z?zl criKy; € span, Gg,, the function QBWD,V is continuous,
. Lo . A
with a modulus of continuity bounded from above by the function o, (1) =

A
art? + art, where a; = 2(/Amax || f1lk 5% + v/Amax |¥Imaxsg + v llesll2) and

A
ap = )\maxs%( +y.

Proof (1) For f = X7, cyiKy,, the functional & becomes a function of ¢/,
since the kernel functions are fixed; we denote it by & (cr). As &, is convex
and y| - ||% is uniformly convex with a modulus of convexity 6(t) = yt?
(see, e.g., (Kirkovd and Sanguineti, 2005, Proposition 2.1 (ii))), the function
dr y ()= &)+ yI- ||2 is uniformly convex, too, with a modulus of convexity
8(t) = yt2 (see, e.g., (Kurkova and Sanguineti, 2005, Proposition 2.1 (i))).

(ii) From the definition of @wp , we derive

[Dwp.y (f) = Pwp.y (@) < 1E(f) = E +v | lesls — liegla |- (23)

Let f,g € span, Gk, be such that f = >7"  cp;iKy, and g = D70, cgi Ky,

with [lef — ¢gll2 < t, and take t > 0. Then || f — gllx < ||IC%[X](Cf — ¢z <
VAmaxll€r — €gll2 < o/Amax t. Forevery u > 0 and f, g such that || f — gllx < u,

D) =y = (g(xi) — yi)?

i=1

1
|gz(f) - 51(8)' = —
m

) —8(x) (f(xi) + g(xi) — 2yi)

IA

sup [ f(x) — g(x)| (sug [ f(x) +g(x)| + 2|y|max)
xXe

xeX

sk 5k |1 f + gllk + 20lmax)

usg 2sgllfllg +usg +21yImax)

=2 fllksk + |3 lmaxsk)u + sgu’. (24)

IATA

So, for |lcy — ¢gll2 < ¢, we get

1&a(cs) — Eale)| < 201 Fllks% + | ImaxSK)VAmax f + Sk Amax 2. (25)

For |lef — ¢, |2 < t, the regularization term gives

v Idlesls = legl) = yiesll + liegli)llle sl — lleg |
= vQllesllz + lley —cgl)lles —cgll2
<yQlleslla+1)t. (26)

The statement follows from (23), (25), and (26). O
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The next theorem estimates, for increasing values of n < m, the rates of
approximation of fwp , , which can be obtained by suboptimal solutions to the prob-
lems (span, Gg,, Pwbp,y) -

Theorem 3 Let X be anonempty set, K : X x X — Rapositive definite kernel, sk =

. A .
Sup,cx v K(x,x), z a data sample of size m, |y|lmax = max{|y;| : i =1,...,m},
Amin and Amax the minimum and the maximum eigenvalues of the Gram matrix K[X],

A
resp.,andy > 0. Letby = 2(v/Amax ”fWD,y”KS%(‘i‘V}‘max [Vlmaxsk +¥ llewp,y l|2),

A A A
by = Amaxsg + v, @(t) = bat* + bit, and Awp,, = llewp y|IF = lewp,y 113
(i) For every positive integer n < m

. A
inf  @wp ., (f) — Pwp,y(fwp,y) < a( M)-

fespan, Gy n

(i) Let &, = O and f, € argmingn (span,, Gg,, Pwp,y). Then
A [ Awp,
Il fn _fWD,y”%( =< r;ax |:Ol( Ty)+8n:|.

Proof (i) Let fwp,y 2 Z?;l cwp,y,i Kx; € span,, Gg,. According to Theorem 2
with (X, || - ) = R™, || - ||2) and F = {ey, ..., e} (i.e., the canonical orthonormal
basis of R™), there exists ¢wp,, € span, {er, ..., e,} such that

2 2
lewp,y T — llewp,y 5
n

lewp.y —€wp.yll2 < \/ 27

Let fWD,y = > ¢wp,y.i Kx; € span,, Gg,. By (27) and Proposition 4 (ii), we
get

Swp.y (fwpy) — Pwp.y (fwp.y) = Pwp,y@wp.y) — Pwp,y(ewp.,)

R Awp,y
<a(lewp,y —wp,yl2) < 0!(\/ —

(ii) By Proposition 4 (i) and the properties of the modulus of convexity (see, e.g.,
(Kirkova and Sanguineti, 2005, Proposition 2.1 (iii))), we obtain

V“cfn —Cfwp,, “2 =< (f)WD,y(Cfn) - qSWD,y(CfWD_y)
= ®Pwp,y (fu) — Pwp.y (fwp.y) (28)

For every f, g € span,,Gg, such that f = >/ ¢ Ky, and g = D7, cgi Ky,

1
wehave || f—gllx < IK2[x](cs—€g)ll2 < VAmax e —¢gll2. S0, | fu— fwp.y 1% <
AmaxllCf, — Cwp.y ||% and we conclude by (i) and (28). O
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Bycwp,y = (IC[X] +ymk! [X])_l y, the definition of || - ||; norm for a matrix
(Golub and Loan (1996), Chap. 2.3) spectral theory, and simple calculations we get
the following upper bound on Ay p ,:

12 1
A < (IC[X]+ mlC_l) 2 min @ — |yl
Wo.y y I ey e B
(o ymrct) - mi Iyl
= x—l—ym*) yili — min —— lyli5.
1 A€{Amin, Amax} ()\’ + ym)\_l)z

Finally, we investigate the accuracy of suboptimal solutions to the mixed
weight-decay/Tikhonov learning problem. For f = >"7 | ¢siKy, € span, Gg,, we
let

n
~ A
Pwpr ;3 (€r) = Pwpry (Z Cf,inz-)-

i=1

So, &y, pT.% is a n-variable function obtained from the functional @y, pT.% in
correspondence of f = > | cfiKy,.
The next proposition states the continuity and convexity properties of <§W DT.

=

Proposition 5 Let X be a nonempty set, K : X x X — R a positive-definite kernel,

m a positive integer, X = (x1,...,xn) € X",y = V1, -, Ym) € R™, |¥|max 2
max{|y;| : i = 1,...,m}, y > 0, and Amin, Amax the minimum and maximum
eigenvalues of the Gram matrix K[X], respectively. Then for every positive integer
n<m

(i) the function Py, DT.% is uniformly convex on span, Gg,, with a modulus of
convexity 5 (Amin + 1) 2;

(ii) forevery f = 3 cfiKy, € span, Gk, the function (f)WDT,% is continuous,

with a modulus of continuity bounded from above by the function Be () 2 art*+ait,

A A
where a; = 2(v/Amax ||f||KS[2( + VAmax |YImaxsk + % (Amax + 1) [lefll2) and ay =
)"maxs%( + % (Amax + 1).

Proof (i) We first show that the modulus of convexity of the function ||.4Ax ||% is bounded
from above by the quadratic function Afmn (A) 2, where A is an m x m positive-definite
matrix and Ay, (A) is its minimum eigenvalue. By the definition of uniform convexity,
denoting by (-, -) the inner product in R?, for every s € [0, 1] and every x, y € R? we
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get

JAGXx+ (A=) 5= (s Ax+ (1 —s) Ay, s Ax+ (1 —s) Ay)
=52 (Ax, Ax) + (1 — )2 (Ay, Ay) + 25 (1 —5) (Ax, Ay)
=5 (AX, AX) —s (1 —s5) (Ax, AX) + (1 —5) (Ay, Ay)
—s(1 =5 Ay, Ay) +2s (1 —s) (Ax, Ay)
=5 (AX, AX) + (1 —5) (Ay, Ay) —s (1 —=5) (Ax—y)AEX—Yy))
< 5 (Ax, Ax) + (1 — ) (Ay, Ay) — s (1 — ) A%, [Ix = y113.

Hence, % |(K[x] + I)% (-)||% is uniformly convex, with a modulus of convexity

(1) = %()\min + D#2. Let g’z(cf) 2 &,(f), considered for f = Z?:l criKy asa
~ 1

function of ¢ s (since the kernel functions are fixed). Then also &;(-)+ % (2 xD () ||%

+ | - ||%) is uniformly convex with modulus of convexity §(¢) = %(kmin + 112 (see,

e.g., (Kirkova and Sanguineti, 2005, Proposition 2.1 (i))).
(ii) By the definition of @y, pr.} Wwe have

|Pwpr,3 () = Pwpr.3 (&) < [E(f) = Eu(8)]

Y 1 2 1 2
+7 I+ D2epll; — IKIX] + )2 ¢l |- 29)

Let f, g € span, Gk, besuchthat f = > 7 csiKy, and g = > cg.i K, and

take t > O such that [lc; — ¢gll2 < t. Then || f — gllx < ||’C%[X](Cf —¢g)ll2 <

VAmaxll€f — €gll2 < v/ Amax f-
For |lcf — ¢;ll2 < ¢, the regularization term gives

P KX+ D1 - 1K+ Deel3 | < 2 (20 KIx1+Des I
1 KX+ D es — e ) I KIXI+D 2 (es — e Iz

< 2 (2R + Tlesll2 + Vomax + 1 1) VAman +1 7 (30)

The statement follows from (24), (29), and (30). O

The next theorem estimates, for increasing values of n < m, the rates of approx-
imation of fy pr. % which can be obtained by suboptimal solutions to the problems

(span, Gk, Pywpr.3)-

Theorem 4 Let X be anonempty set, K : X x X — R apositive definite kernel, sx =

. A .
sup,cx v K(x,x), z a data sample of size m, |y|lmax = max{ly;| : i =1,...,m},
Amin and Amax the minimum and maximum eigenvalues of the Gram matrix K[X],

A
resp., and y > 0. Moreover, let c; = 2(\/Amax ||]‘W,DT%||1<S%< + VAmax |V maxSk +
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A A
%()Lmax + l)HchDT,%HZ)’ 0@ = )Lmaxs%( + %O\max + D, B@t) = ait + 02f2, and

A 2 2
AWDT,% = ||CWDT,%||1 - ||CWDT,%||2-
(i) For every positive integer n < m

inf D - @ <
Fespan, G, WDT,%(f) WDT,%(fWDT,%) =B

(i) Leten > 0and f, € argmin, (span, Gg,, Pwpr,3)- Then

Amax IB

I fu— fwprzlyx <2 ——"——
mIWPT K =Ty e + 1)

Proof (i) Let Twpr % 2 > ¢wpr,y.i Ky € span, Gg,. By Theorem 2 with
X, -1D=@" | -|l2) and F = {eq, ..., ey} (ie., the canonical orthonormal basis
of R™), there exists éWDT’% € span,, {ej, ..., ey} such that

lewpr. 311} = lewpr.z 15

lewpr.y —€wpr yll2 < \/ €2y

n

A A R . .
Let fWDT’% =>", ¢wpr,y.,i Ky € span,, Gg,. By 31) and Proposition 5 (ii),
we have
(DWDT,%(fWDT,%) - d’WDT,g(fWDT,g) = QDWDT,%(GWDT,%)
~®Pwpr,;Cwpr 3)

<B (IlCWDT,g —Cypry ||2)

A Y
WDT, %
<Bly———

n

(ii) By Proposition 5 (i) and the properties of the modulus of convexity (see, e.g.,
(Kurkova and Sanguineti, 2005, Proposition 2.1 (iii))), we get

y ~ ~
5 Gmin + Dlles = eg 0 17 < Pypr pes) = Pyprg (s, o)
= cbWDT,g(fh) - (pWDT,%(fWDT,%)' (32)

For every f, g € span,,Gg, such that f = >/ ¢ Ky, and g = D70, cgi Ky,

1

weget || f—gllx < IK2[x](er—cg)ll2 < v/ Amax lle€f —Cgll2. So, ||fn_fWDT,%||%( <

Amaxll€f, — Cfunry ||% and we conclude by (i) and (32). O
7

@ Springer



The weight-decay technique in learning from data: an optimization point of view

Bycypry = (KIx]+ 5mZ+K! ))_1, elementary spectral theory arguments,
the definition of the || - ||; norm for a matrix (Golub and Loan 1996, Chap. 2.3), and
some algebra we have the following upper bound on Ay, ;7. y

2
2
Iyl

y -~ —1
(mm+5ma+nlﬂ 1

Awpr,y =

— min ||Y||%
A€[Amin,Amax] (}\‘ —|— %m(l + )\.71))2

2
2
Iylit

_ 14 SN
._Mmﬂ+2ma+K‘ﬂ 1

— _min IylI3-
A€{Amin,Amax} (A + %m(l + )\'_1))2

7 Conclusions

We have investigated, from the point of view of regularization, the learning technique
known as “weight decay” and we have compared it with learning techniques based
on Tikhonov’s regularization and the combination of the latter with weight decay. We
have modeled the corresponding learning tasks as minimizations of error functionals
over certain hypothesis spaces (or some subsets of theirs), which allow one to model
generalization capabilities.

For data samples of size m, we have expressed the solutions to these learning
problems as linear combinations of m computational units determined by the kinds of
hypothesis space, for which the coefficients can be obtained by solving suitable linear
systems of equations.

Motivated by the efficiency of implementation and by favorable computational
requirements, we have investigated the accuracies of suboptimal solutions obtainable
by n < m computational units and their rates of approximation of the optimal solu-
tions to the respective learning problems. We have shown that suboptimal solutions
approximate the optimal ones with an error bounded from above by a quantity of the
form A/\/n+ B/n, where A and B depend on the properties of the output data vector
y, the properties of the kernel, and the regularization parameter y. So, when solving
the systems of linear equations is not computationally feasible or when the systems
are ill-conditioned, algorithms operating on models with n < m computational units
provide useful alternatives, as they can approximate the optimal solutions quite well.
The minimizations required by these algorithms entail nonlinear programming prob-
lems (Poggio and Girosi 1990, p. 1489), which can be solved by iterative methods
such as gradient descent (Bertsekas 1999, pp. 103—106, 173—-174) (possibly with addi-
tive stochastic terms to avoid local minima), genetic algorithms (Goldberg 1989), and
simulated annealing (Aarts and Korst 1989).

Suboptimal solutions to learning by weight decay and Tikhonov’s regularization
were investigated in Burger and Neubauer (2002) for function approximation by neural
networks in Sobolev spaces, with an ideally infinite number of samples. For Tikhonov’s

@ Springer



G. Gnecco, M. Sanguineti

regularization, an extension of this analysis to a finite number of samples was made in
Hofinger and Pillichshammer (2005), where also an algorithm to train neural networks
was discussed (an extension of this algorithm was studied in Hofinger (2006)).

We have modeled weight-decay learning as the regularized optimization prob-
lems (span,, Gk,, ®wp,,) and (span, Gg,, Pwp,,), with n < m. Then, our analy-
sis leaves the more general problems (span,, Gk, Pwp,y), (span, Gk, Pwp,,) and
(span Gk, Pwp,,) open. In particular, note that, since the regularization term in (5)
is not of the form ¥ (|| f||x) for a strictly increasing function v, at least one of the
hypotheses of the so-called “Generalized Representer Theorem” (Scholkopf et al.,
2001, Theorem 4) does not hold. A further analysis is required to study the behaviors
of the optimal solutions to (span Gk, Pwp,,) and (span, Gk, Pwp,,), for a given
upper bound n < m on the number of computational units, and to investigate whether
some variation of the Representer Theorem holds also for these two problems.
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