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Abstract The solution of nonlinear least-squares problems is investigated. The as-
ymptotic behavior is studied and conditions for convergence are derived. To deal
with such problems in a recursive and efficient way, it is proposed an algorithm that
is based on a modified extended Kalman filter (MEKF). The error of the MEKF al-
gorithm is proved to be exponentially bounded. Batch and iterated versions of the
algorithm are given, too. As an application, the algorithm is used to optimize the
parameters in certain nonlinear input–output mappings. Simulation results on inter-
polation of real data and prediction of chaotic time series are shown.
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1 Introduction

Recursive nonlinear least-squares algorithms have gained a lot of attention for their
extensive use in a number of different research areas [1, 2]. The investigations were
aimed at both deriving convergence results and improving the algorithmic efficiency.
Connections were established between nonlinear least-squares methods and various
techniques based on the Extended Kalman Filter (EKF) [3–5]. The difficulties in
attaining convergence results in nonlinear least squares are well known in statistics,
and most of the available results require strong assumptions on the distribution of
regression errors (see, e.g., [6] and the references therein).

In this paper, we present a recursive algorithm for nonlinear least-squares prob-
lems. The algorithm is based on the EKF and, along the lines of results on EKF-based
estimation for nonlinear systems [7], we prove that the algorithm’s estimation error
is exponentially bounded. In contrast to the stochastic analysis made in [7], we study
convergence conditions in a deterministic context. This allows us to avoid assump-
tions on the statistics of the processes, which are difficult to verify in most nonlinear
least-squares problems. As the proposed algorithm is a slight modification of the stan-
dard EKF algorithm, we have called it “modified extended Kalman filter (MEKF).”
In [3] the focus is on the possibility of taking advantage of the EKF algorithm when
processing data in blocks via a nonlinear least-squares approach. Taking the hint from
this idea, we present also two extensions of the MEKF algorithm, aimed at dealing
with large data sets in a batch way and by repeated iterations.

The batch and iterated extensions are crucial in applications such as machine learn-
ing, where large amounts of data have to be processed (see, e.g., [8] and the references
therein). In neural networks learning, for example, after the appearance of backprop-
agation (BP) [9, 10], various methods have been proposed to optimize the neural
network parameters by performing recursive optimization (i.e., using at each step
only the data that become available at that step). Such approaches are well-suited to
considering many data sets on line, but may suffer from poor performances. As com-
pared with these techniques, the EKF provides a nice framework to perform batch
optimization (i.e., using one data block at a time), with advantages over BP [3]. The
good performances obtained by EKF-based learning algorithms may be ascribed to
the information available from the covariance matrix, which, however, turns out to
be quite demanding from the computational point of view. For this reason, we have
devoted much attention to an efficient coding of our MEKF algorithm. Numerical
results show that our algorithm performs very satisfactorily when applied to machine
learning by neural networks.

The paper is organized as follows. The MEKF algorithm for solving nonlinear
least-squares problems is presented in Sect. 2, together with the analysis of its prop-
erties. The batch and iterated versions, called BMEKF and IBMEKF, respectively,
are described in Sect. 3. Section 4 is focused on the application of the proposed algo-
rithms to the optimization of parameters in neural networks, and reports simulation
results on two test-beds (namely, interpolation of real data and chaotic time-series
prediction). Some conclusions are drawn in Sect. 5.
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2 Statement and analysis of the algorithm

The following definitions and notations will be used throughout the paper. Let n,m be
positive integers. For a real vector x ∈ R

n, we denote by ‖x‖ the Euclidean norm of x,

i.e., ‖x‖ =
√

x2
1 + · · · + x2

n . For a symmetric matrix S ∈ R
n×n, we denote by λmin(S)

and λmax(S) its minimum and maximum eigenvalue, respectively. Given a matrix
M ∈ R

n×m, we denote by ‖M‖ the norm of M defined as ‖M‖ = √
λmax(MMT) =√

λmax(MTM); for a symmetric positive-definite matrix S, ‖S‖ = λmax(S) (see [11]).
Given two symmetric matrices S1 and S2, S1 > S2 (S1 ≥ S2) means that the matrix
S1 − S2 is positive definite (semidefinite). Sequences (of vectors, matrices, etc.) are
shortly denoted by using curly brackets, e.g., {si}.

Consider a set {(xt , yt ), t = 0,1, . . .} of data, where xt ∈ X ⊂ R
m and yt ∈ Y ⊂

R
p , where X and Y are compact sets. Assume that each input–output pair is randomly

generated via an unknown continuous function f : R
m −→ R

p , i.e., yt = f (xt ).
A function γ (w,x), γ : R

n × R
m → R

p , where w ∈ R
n is a parameter vector, can

be used to interpolate the input–output pairs by solving the following nonlinear least-
squares (NLS) problem.

Problem NLSt Given a sequence {Rt } of positive definite matrices and a data
set {(xi, yi), i = 0,1, . . .}, find wt ∈ R

n that minimizes Jt (w) = 1
t+1

∑t
i=0 ‖yi −

γ (w,xi)‖2
Ri

.

Problem NLSt is a nonlinear programming problem, and various techniques are
available to solve it for each t = 0,1, . . . [2].

It is quite common to have the need of solving Problem NLSt recursively (i.e.,
finding at each step t the solution w◦

t+1 of Problem NLSt+1 using only w◦
t and the

new datum (ut+1, yt+1)). This led to a number of methods that obtained a wide dif-
fusion in various applications. Among such approaches, we focus on recursive Ex-
tended Kalman Filter (EKF) methods [3, 5]. The use of a Kalman-like algorithm is
suggested by the following observation: roughly speaking, the cost Jt (w) is related to
the expected value of the regression error in Problem NLSt . Moreover, the linear ver-
sion of Problem NLSt can be efficiently solved by using a Kalman filter [12]. Taking
the hint from this, we consider the following recursive algorithm.

Modified EKF (MEKF) Algorithm For t = 0,1, . . . ,

ŵt+1 = ŵt + Kt [yt − γ (ŵt , xt )], (1)

where

Ht = ∂γ (w,x)

∂w

∣∣∣∣
w=ŵt ,x=xt

, (2)

Kt = PtH
T
t (HtPtH

T
t + Rt)

−1
, (3)

Pt+1 = (α + 1)(Pt − KtHtPt + εI), (4)
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ε > 0, α > 0, P0 and Rt are symmetric positive definite matrices, and (1) is initialized
with a given ŵ0.

For each t = 0,1, . . . , ŵt plays the role of an estimate of the (unknown) solution
ŵ

◦
t to Problem NLSt .
The main difference between the standard EKF algorithm and the MEKF algo-

rithm consists in Eq. 4, which for the EKF is a Riccati equation

Pt+1 = Pt − KtHtPt + Qt,

where each matrix of the sequence {Qt } is positive semidefinite. In our case, this
choice is not admissible because of technical reasons arising in the proof of the re-
sults given later on (see Lemma 3 in Appendix). For simplicity, we take Qt = εI ,
but the only requirement is the choice of a positive-definite matrix Qt . In a stochas-
tic interpretation of the regression problem, the role of the factor α + 1 consists in
increasing the value of the covariance.

In order to investigate the convergence properties of the MEKF algorithm, we first
study properties of the solution of Problem NLSt . Toward this end, we make the
following assumptions.

Assumption 1 For t = 0,1, . . . , Problem NLSt has a solution w◦
t ∈ W ⊂ R

n.

By C(X,Y ) we denote the normed linear space of continuous functions defined
on X ⊂ R

m and with values in Y ⊂ R
p , equipped with the supremum norm.

Assumption 2 The set of functions � = {γ (w, ·) : R
m → R

p,w ∈ W } is dense in
C(X,Y ).

Assumption 2 corresponds to assuming that for every desired accuracy ε, there
exists a vector w∗ ∈ W such that the function γ (w∗, ·) approximates within ε in
the supremum norm the unknown continuous mapping f generating the data, i.e., for
every (x, y) ∈ X×Y one has ‖γ (w∗, x)−y‖ ≤ ε. In the neural-network parlance this
is called the universal approximation property, which is satisfied by a large variety of
neural mappings γ [13, 14].

Assumption 3 The mapping γ satisfies the following conditions:

(i) for every w ∈ W , the function γ (w, ·) : R
m → R

p is continuously differentiable;
(ii) for every x ∈ X, the function γ (·, x) : R

n → R
p is Lipschitz, i.e., there exists

L > 0 such that for all w,w′ ∈ W , ‖γ (w,x) − γ (w′, x)‖ ≤ L‖w − w′‖.

Assumption 4 The cost function Jt : W → R is twice continuously differentiable
and there exists lmin > 0 such that for t = 0,1, . . . one has

λmin

(∫ 1

0
HJt (sw

◦
t + (1 − s)w◦

t+1)ds

)
≥ lmin,

where HJt : W → R
n × R

n is the Hessian of Jt .
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Now we are ready to prove the following theorem.

Theorem 1 Suppose that Assumptions 1, 2, 3, and 4 hold. Then

w◦
t+1 = w◦

t + ϕt , t = 0,1, . . . , (5)

where ϕt � (
∫ 1

0 HJt (sw
◦
t+1 + (1 − s)w◦

t )ds)−1∇Jt (w
◦
t+1), limt→+∞ ‖ϕt‖ = 0,

supt≥0 ‖ϕt‖ < ∞, and there exists w◦ ∈ R
n such that limt→+∞ w◦

t = w◦.

Proof By the definition of the cost, we have

Jt+1(w) = t + 1

t + 2
Jt (w) + 1

t + 2
‖yt+1 − γ (w,xt+1)‖2

Rt+1
.

Hence

∇Jt+1(w) = t + 1

t + 2
∇Jt (w) + 2

t + 2
Rt+1∇wγ (w,xt+1)[yt+1 − γ (w,xt+1)],

where the gradients ∇Jt (w) and ∇wγi(w,x), i = 1,2, . . . , p, are considered as col-
umn vectors. For w = w◦

t+1, we have ∇Jt+1(w
◦
t+1) = 0 as a necessary optimality

condition, so the previous equation gives

∇Jt (w
◦
t+1) = − 2

t + 1
Rt+1∇wγ (w◦

t+1, xt+1)[yt+1 − γ (w◦
t+1, xt+1)].

By the properties of the matrix norms [11], we obtain

‖∇Jt (w
◦
t+1)‖ ≤ 2

t + 1
‖Rt+1‖‖∇wγ (w◦

t+1, xt+1)‖‖yt+1 − γ (w◦
t+1, xt+1)‖.

Take ε > 0. By Assumption 2, there exists w∗ ∈ W such that ‖yt+1 −
γ (w∗, xt+1)‖ = ‖f (xt+1) − γ (w∗, xt+1)‖ ≤ ε. Thus, by the triangle inequality and
Assumption 3(i), we obtain ‖yt+1 − γ (w∗, xt+1)‖ = ε +L‖w∗ −w◦

t+1‖ ≤ ε +LrW ,

where rW is the radius of the set W and L is the Lipschitz constant of γ (·, xt ). Hence,

‖∇Jt (w
◦
t+1)‖ ≤ 2

t + 1
‖Rt+1‖‖∇wγ (w◦

t+1, xt+1)‖(ε + rW ). (6)

Since each matrix of the sequence {Rt } is positive definite and ‖∇wγ (w◦
t+1, xt+1)‖

admits a maximum over the compact set W by Assumption 3(ii), inequality Eq. 6
implies

lim
t→+∞‖∇Jt (w

◦
t+1)‖ = 0. (7)

Let k : R → R
n be defined as k(s) � ∇Jt [sw◦

t+1 + (1 − s)w◦
t ], with derivative k′. By

the Mean-Value Theorem, we have k(1) − k(0) = ∫ 1
0 k′(s)ds and so

∇Jt (w
◦
t+1) − ∇Jt (w

◦
t ) =

∫ 1

0
HJt [sw◦

t+1 + (1 − s)w◦
t ](w◦

t+1 − w◦
t )ds. (8)
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As ∇Jt (w
◦
t ) = 0, by Assumption 4 the equality Eq. 8 gives

w◦
t+1 = w◦

t +
[∫ 1

0
HJt [sw◦

t+1 + (1 − s)w◦
t ]ds

]−1

∇Jt (w
◦
t+1).

By Assumption 4, let ϕt � (
∫ 1

0 HJt [sw◦
t+1 + (1 − s)w◦

t ]ds)−1∇Jt (w
◦
t+1), so w◦

t+1 =
w◦

t + ϕt . By Eq. 7 and Assumption 4, limt→+∞ ‖ϕt‖ = 0. So the sequence {w◦
t } is

Cauchy in R
n, hence it converges to some w◦ ∈ R

n. �

So far, we have investigated the asymptotic behavior of Problem NLSt . In the
following, we shall study how close ŵt is to w◦

t . Toward this end, we need some
additional assumptions.

We denote by η
t
= yt − γ (w◦

t , xt ) the error made in approximating with the value
γ (w◦

t , xt ) the output yt associated with the input xt . The vector ηt is bounded.
Indeed, by Assumption 2, for every ε > 0 there exists w∗ ∈ W such that ‖yt −
γ (w∗, xt )‖ < ε. Hence ‖ηt‖ = ‖yt −γ (w◦

t , xt )‖ ≤ ‖yt −γ (w∗, xt )‖+‖γ (w∗, xt )−
γ (w◦

t , xt )‖ < ε + LrW , where L is the Lipschitz constant of γ (·, xt ) and rW is the
radius of the set W .

Assumption 5 There exist positive constants ηmax, hmax,pmin,pmax, and rmin such
that for t = 0,1, . . . one has:

(i) ηtη
T
t ≤ ηmaxI ;

(ii) ‖Ht‖ ≤ hmax;
(iii) pminI ≤ Pt ≤ pmaxI ;
(iv) Rt ≥ rminI .

Assumption 6 For t = 0,1, . . . , let �t �
∫ 1

0
∂γ

∂w
[sw◦

t + (1 − s)ŵt , xt ]ds, Ft = (I −
Kt�t)

T P −1
t+1(I − Kt�t), and Gt = (I − KtHt)

T P −1
t+1(I − KtHt). Then λmax(Ft ) ≤

λmin(Gt ).

Finally, we introduce one definition.

Definition 1 A sequence {vt } is exponentially bounded if there exist c0, c2 > 0 and
c1 ∈ (0,1) such that ‖vt‖2 ≤ c0‖v0‖2ct

1 + c2, t = 0,1, . . . .

The next theorem states the boundedness of the error et � w◦
t − ŵt between the

solution w◦
t of Problem NLSt and the vector ŵt obtained by the MEKF algorithm.

Theorem 2 Let w◦
t be the solution of Problem NLSt and ŵt be given by the MEKF

algorithm (see Eqs. 1–4). If Assumptions 1–6 hold, then the sequence {et } of the
estimation errors is exponentially bounded.

Proof By Eqs. 1 and 5, the error sequence is given by

et+1 = et − Kt(yt − γ (ŵt , xt )) + ϕt . (9)
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As yt = γ (w◦
t , xt ) + ηt , by the Mean-Value Theorem we obtain

yt = γ (ŵt , xt ) + �t(w
◦
t − ŵt ) + ηt . (10)

Therefore, Eq. 9 yields

et+1 = (I − Kt�t)et − Ktηt + ϕt .

Let �t = P −1
t , t = 0,1, . . . . Assumption 5(iii) enables us to introduce the Lyapunov

function Vt (et ) = eT
t �tet . By a little algebra, we obtain

Vt+1(et+1) = eT
t (I − Kt�t)

T �t+1(I − Kt�t)et − 2(I − Kt�tet )
T �t+1Ktηt

+ ηT
t KT

t �t+1Ktηt − ϕT
t �t+1Ktηt

+ 2(I − Kt�tet )
T �t+1ϕt + ϕT

t �t+1ϕt . (11)

By using the upper bounds of Lemma 1 (see the Appendix) with a = b = α/2, from
Eq. 11 we have

Vt+1(et+1) ≤ (1 + α)eT
t (I − Kt�t)

T �t+1(I − Kt�t)et

+
(

2 + 2

α

)
ηT

t KT
t �t+1Ktηt +

(
2 + 2

α

)
ϕT

t �t+1ϕt

and, by Lemma 3 (see the Appendix), for β = k2
1+k2

and k2 =
ε[pmax(1 + pmaxh

2
max

rmin
)2]−1, we get

Vt+1(et+1) ≤ (1 − β)eT
t �tet +

(
2 + 2

α

)
ηT

t KT
t �t+1Ktηt

+
(

2 + 2

α

)
ϕT

t �t+1ϕt . (12)

As �t = P −1
t , by Lemma 2 (see the Appendix) and Assumption 5(iii) we have

ηT
t KT

t �t+1Ktηt ≤ 1

pmin
ηT

t KT
t Ktηt ≤ 1

pmin

(
pmaxhmax

ρmin

)2

ηT
t ηt

≤ ηmax

pmin

(
pmaxhmax

rmin

)2

(13)

and

ϕT
t �t+1ϕt ≤ ϕ2

sup

pmin
, (14)

where ϕsup � supt ‖ϕt‖ < ∞ as ‖ϕt‖ ≤ ‖[∫ 1
0 HJt (sw

◦
t+1 + (1 − s)w◦

t )ds]−1‖×
‖∇Jt (w

◦
t+1)‖ (the first term is bounded by Assumption 4, and the second one by

the inequality Eq. 6).
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To sum up, Eqs. 12, 13, and 14 give

Vt+1(et+1) ≤ (1 − β)Vt (et ) + k4, (15)

where

k4 � ηmax

pmin

(
2 + 2

α

)(
pmaxhmax

rmin

)2

+
(

2 + 2

α

)
ϕ2

sup

pmin
. (16)

By applying t times the inequality Eq. 15, we get Vt (et ) ≤ (1 − β)tV0(e0) +
k4

∑t−1
i=0(1 − β)i . As Vt(et ) = eT

t �tet , by Assumption 5(iii) we get

‖et‖2 ≤ pmax

pmin
‖e0‖2(1 − β)t + k4

pmin

t−1∑
i=0

(1 − β)i . (17)

Since β ∈ (0,1),
∑∞

i=0(1 − β)i = 1/β and so, as all the terms of the series are posi-
tive,

∑t−1
i=0(1 − β)i ≤ 1/β for all t . Thus, Eq. 17 implies

‖et‖2 ≤ pmax

pmin
‖e0‖2(1 − β)t + k4

βpmin
,

which proves that the estimation error is exponentially bounded with c0 = pmax
pmin

, c1 =
1 − β , and c2 = k4

βpmin
(see the Definition 1). �

Theorems 1 and 2 allow one to figure out how the estimate ŵt provided by the
MEKF algorithm behaves in comparison with the optimal solution; this is pictorially
described in Fig. 1.

Fig. 1 Qualitative behavior of the sequences {w◦
t } and {ŵt }, on the basis of Theorems 1 and 2
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Some comparisons between Theorem 2 and [7, Theorem 3.1, p. 715] have to be
made. A major point consists in the fact that we regard {et } and {ηt } as sequences
of deterministic variables instead of stochastic variables as in [7]. Note also that, in a
stochastic context, Assumption 5(i) implies that the covariance of the regression error
is finite.

3 Batch and iterated versions: the BMEKF and IBMEKF algorithms

Batch training enables one to deal more efficiently with large data sets, by dividing
the patterns into data batches of fixed length N and by applying algorithms to one
batch at a time [15]. In Fig. 2, the data batch is shifted by d data at each step, where
d ≤ N is a positive integer. The MEKF algorithm corresponds to d = N .

Given a fixed number of iterations, say t , if d = 1, then t = 0,1, . . . , N + t input–
output data are explored; if d = N , then N(t + 1) data are explored. In general, the
amount of data processed at step t is equal to N + dt (see Fig. 3).

We also define

G(w,xt−1
t−N) �

⎡
⎢⎢⎢⎣

γ (w,xt−N)

γ (w,xt−N+1)

...

γ (w,xt−1)

⎤
⎥⎥⎥⎦ ∈ R

pN, (18)

where xt−1
t−N � col(xt−N,xt−N+1, . . . , xt−1) ∈ XN (recall that xt ∈ X ⊂ R

m). Simi-

larly, let yt−1
t−N � col(yt−N,yt−N+1, . . . , yt−1) ∈ YN (recall that yt ∈ Y ⊂ R

p).

Fig. 2 The d-step batch-mode optimization

Fig. 3 Comparison between the one-step and the N -step batch-mode optimizations
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The extension of the MEKF algorithm to the d-step framework can be expressed
as follows.

Batch-mode MEKF (BMEKF) Algorithm For t = N − 1,N, . . . :

ŵt+1 = ŵt +Kt

[
y

d(t−N+1)+N
d(t−N+1) − G

(
ŵt−1, x

d(t−N+1)+N
d(t−N+1)

)]
, (19)

where

Ht = ∂G(w,x)

∂w

∣∣∣∣
w=ŵt ,x=x

d(t−N+1)+N
d(t−N+1)

, (20)

Kt = PtHT
t (HtPtHT

t +Rt )
−1

, (21)

Pt+1 = (α + 1)(Pt −KtHtPt + εI), (22)

ε > 0, α > 0, P0 and Rt are symmetric positive definite matrices, and Eq. 19 is
initialized with a given ŵN−1.

Note that if d and N are both taken equal to 1, then the BMEKF algorithm corre-
sponds to the MEKF algorithm. It is important to remark that the convergence proper-
ties of MEKF (see Sect. 2) apply to BMEKF, too. In the latter, however, at each time t ,
N input–output pairs are processed instead of one, as in the MEKF algorithm, thus
more computations are involved: the matrix to be inverted is of dimension (pN)2

instead of p2 (see Eq. 21). Since in BMEKF one has to deal with larger matrices,
efficient coding is crucial.

A generalization of the BMEKF algorithm consists in repeating the estimate and
covariance updates by using the same batch of input–output patterns. By following
the terminology used in [16], the repetitions are called epochs and the corresponding
algorithm is called Iterated Batch-mode Modified EKF (IBMEKF) algorithm, which
is described below.

Iterated Batch-mode MEKF (IBMEKF) Algorithm For t = N − 1,N, . . . :

w̃1 = ŵt

for i = 1,2, . . . ,NE

Hi = ∂G(w,x)

∂w

∣∣∣∣
w=w̃i ,x=x

d(t−N+1)+N
d(t−N+1)

Ki = PiHT
i (HiPiHT

i +Ri )
−1

Pi+1 = (α + 1)(Pi −KiHiPi + εI)

w̃i+1 = w̃i +Ki

[
y

d(t−N+1)+N
d(t−N+1) − G(w̃i, x

d(t−N+1)+N
d(t−N+1) )

]

end

ŵt+1 = w̃NE
,

where ε > 0, α > 0, P0, and Ri are symmetric positive definite matrices, and NE is
the number of epochs.
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For NE = 1, the IBMEKF algorithm reduces to BMEKF. Note that the conver-
gence results of Sect. 2 apply to the IBMEKF algorithm, too. Note also that IB-
MEKF results from applying a slight modification of the so-called “iterated extended
Kalman filter” (see, e.g., [17]) to Problem NLSt . The possibility of using iterated
Kalman filtering techniques to solve nonlinear programming problems is discussed
in [3].

4 Application and numerical results

In this section, we apply the MEKF algorithm to the problem of optimizing the
weights in nonlinear input–output mappings implemented by feedforward neural net-
works.

4.1 Optimization of parameters in feedforward neural networks

Feedforward neural networks (in the following, for the sake of brevity, often called
“neural networks” or simply “networks”) are nonlinear mappings composed of L

layers, with νs computational units in the layer s (s = 1, . . . ,L). The input–output
mapping of the q-th unit of the s-th layer is given by

yq(s) = g

(
νs−1∑
p=1

wpq(s)yp(s − 1) + w0q(s)

)
, s = 1, . . . ,L; q = 1, . . . , νs, (23)

where g : R → R is called the activation function. The coefficients wpq(s) and the
so-called biases w0q(s) are lumped together into the so-called weights vector ws . We
let

w � col(w1,w2, . . . ,wL) ∈ W ⊂ R
n,

where

n �
L∑

s=0

νs+1(νs + 1)

is the total number of weights, ν0 = m, and νL+1 = p. The function implemented
by a feedforward neural network with the weights vector w is denoted by γ (w,x),
γ : W × X → R

p , where x ∈ X ⊂ R
m is the network input vector.

In applications, the elements of w are optimized on the basis of a data set consist-
ing of input–output pairs (xi, yi), i = 0,1, . . . , where xi ∈ X ⊂ R

m and yi ∈ Y ⊂ R
p

represent the input and the desired output of the network γ , respectively. In the neu-
rocomputing parlance, the process of parameters optimization is called “training” or
“learning process.”

As recalled in the Introduction, BP is the most popular method for the optimization
of parameters in feedforward neural networks [9]. Although BP has been successfully
applied in a variety of areas, it suffers from slow convergence, which makes high-
dimensional problems intractable. The slowness is to be ascribed both to the use of
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the steepest-descent method, which performs poorly in terms of convergence in high-
dimensional settings [18], and to the fixed, arbitrarily chosen step length. For these
reasons, algorithms using also the second derivatives were developed [19] and modi-
fications to BP were been proposed (see, e.g., the acceleration technique presented in
[20] and the approach described in [21], which is aimed at restoring the dependence
of the learning rate on time). The determination of the search direction and of the step
length by using methods of nonlinear optimization has been considered, for example,
in [22].

Deeper insights can be gained by regarding the learning of feedforward neural
networks as a problem of parameter estimation. If one assumes that the data are gen-
erated by a continuous function f : R

m −→ R
p , i.e., yt = f (xt ), then, for every

X ⊂ R
m, Assumption 2 holds, i.e., there exists a vector w∗ ∈ W ⊂ R

n such that

f (x) = γ (w∗, x) + η, ∀x ∈ X, (24)

where η ∈ K ⊂ R
p is the network approximation error (see, e.g., [23]). Let η

t
be the

error made in approximating f by the neural network implementing the mapping γ ,
in correspondence of the input xt . Then

yt = γ (w∗, xt ) + ηt , t = 0,1, . . . , (25)

where η
t

is regarded as a disturbance associated with yt . Equation 25 can be regarded
as a nonlinear dynamic system; its state vector is given by the weights vector w,
which evolves according to a fictitious dynamics, i.e.,

wt+1 = wt, t = 0,1, . . . (26)

where w0 = w∗. If the activation function in Eq. 23 is differentiable, then Eqs. 25 and
26 motivate using recursive state estimators for neural network training. Following
this approach, training algorithms, based on the extended Kalman filter (EKF) and
showing faster convergence than BP, were proposed (see, e.g., [24–29]). However,
the advantages of EKF-based training are obtained at the cost of a notable computa-
tional burden (as matrix inversions are required) and of a large amount of memory.
In [30] it was developed an optimization-based learning algorithm for feedforward
neural networks, that copes with some limitations of BP and does not require matrix
inversions.

When applying the MKEF algorithm to optimization of parameters in neural net-
works, the choice of Rt may be critical, as it is related to η

t
(the “approximation

error”) and depends on the structure of the network and on the initial choice of the
weights. Usually, the matrix Rt is chosen quite large and tuned on line (see, for ex-
ample, [26, p. 962, formulas 34–36]). As to α, P0, and ε, too large values may cause
slow convergence; by contrast, if they are taken too small, then the training process
may suffer from inadequate generalization, i.e., poor capability of “approximating”
new data.

In the following, we report the numerical results obtained on two benchmark
least-squares problems: interpolation of real data and prediction of chaotic time se-
ries. The MEKF algorithm (trainmekf) was compared with nine widely-used train-
ing algorithms, available from the Matlab Neural Toolbox [16]: BFGS (Broyden-
Fletcher-Goldfarb-Shanno) quasi-Newton backpropagation (trainbfg), Powell-Beale
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conjugate gradient backpropagation (traincgb), Fletcher-Powell conjugate gradi-
ent backpropagation (traincgf), Polak-Ribiére conjugate gradient (traincgp), gradi-
ent descent with momentum and adaptive backpropagation (traingdx), Levenberg-
Marquardt backpropagation (trainlm), one-step secant backpropagation (trainoss),
resilient backpropagation (trainrp), and scaled conjugate gradient backpropagation
(trainscg).

The mean square error (MSE), its standard deviation, and the processing time (in s)
obtained by using a “Pentium 4” 1.6 GHz computer were considered as performance
indexes with the purpose of comparing the various learning algorithms. The numeri-
cal results show that the MEKF outperforms backpropagation and other widespread
training algorithms.

4.2 Interpolation of real data: the “Building” PROBEN1 benchmark

The PROBEN1 benchmark collection [31] contains a large set of real data, which
can be used for the prediction of energy consumption in a building (electrical energy,
hot and cold water) on the basis of date, time of day, outside temperature, outside air
humidity, solar radiation, and wind speed. The data set is composed of 2104 records
(each consisting of 14 inputs and 3 outputs) for training and 1052 records for testing.
The network to be trained is a feedforward neural network with a linear output layer
and one hidden layer with four neurons and a sigmoidal activation function. The
BMEKF algorithm was initialized with P0 = 10−2I . The parameters α and ε were
chosen equal to 10−2 and 10−2, respectively.

Table 1 summarizes the results for different choices of the window size N and
d = N . The columns show the MSEs with the corresponding standard deviations and
the processing times obtained by 100 trials. Different initial weights were used in
each trial, uniformly randomly distributed between 0 and 1. As it can be seen from the
table, the trainmekf algorithm performs quite well as regards the MSE evaluation of
the training set, and outperforms all the other algorithms in terms of the test-set MSE.
The processing time for BMEKF is much shorter than for all the other algorithms
considered.

4.3 Prediction of chaotic time series

For an integer τ ≥ 1, the discrete-time Mackey-Glass series is given by the following
delay-difference equation [32]:

xt+1 = (1 − c1)xt + c2
xt−τ

1 + (xt−τ )10
, t = τ, τ + 1, . . . .

The training data were generated using the values c1 = 0.1, c2 = 0.2, and τ = 36; and
the initial value x0 was randomly chosen. The data were arranged in sets made up of
100 series, each one with 2000 samples. The first 1000 time steps of each series were
omitted. The successive 500 time steps were used for training and the remaining 500
for testing. The prediction was made by interpolating the values of xt+1 and xt+2 via
the previous l + 1 samples, that is,

(xt+2, xt+1) ← (xt , xt−1, xt−2, . . . , xt−l), t = l, l + 1, . . . ,
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where l was chosen equal to 4. Table 2 summarizes the MSE and processing time
results averaged over 100 different trials with 5-neuron one-hidden-layer neural net-
works. In each trial, the time series were initialized with different initial conditions
uniformly distributed between 0 and 0.4; the initial neural weights were randomly
chosen between 0 and 1 according to a uniform distribution. The MEKF algorithm
was initialized with P0 = 10−2I . The parameters α and ε were chosen equal to 10−2

and 10−2, respectively.
As can be seen in Table 2, trainmekf outperforms all the other algorithms in terms

of both the MSE and the computational load (“time” column). Figures 4 and 5 enable
one to compare the prediction capabilities obtained by the four algorithms trainmekf,
traincgf, traincgb, and traincgp in two simulation runs using the training and test sets,
respectively.

5 Conclusions

The solution of nonlinear least-squares problems has been addressed via an algorithm
based on the EKF. The proposed algorithm, called “modified extended Kalman filter”
(MEKF) has been analyzed and its estimation error has been proved to be exponen-
tially bounded. In addition, the algorithm is well-suited to being used in batch and
iterated modes as well.

As an application, the problem of optimizing the parameters of nonlinear input–
output mappings implemented by feedforward neural networks has been considered.
Numerical results show interesting features and very good performances of MEKF,
which outperforms many widespread algorithms for neural networks training. This
may be ascribed to the computation of the covariance matrix, which provides a use-
ful measure of the uncertainty associated with the estimate of the optimal weights,
though it does not correspond to the real covariance of the underlying stochastic
process. However, in a fair evaluation of the pros and cons, it has to be considered
that the MEKF algorithm has to take into account the storage requirements of the
covariance matrix.

Appendix

In this appendix, the technical lemmas used for the proof of Theorem 2 are stated and
proved.

Lemma 1 Let �t = P −1
t . Under Assumption 5(iii), for every a, b > 0, the following

inequalities hold for t = 0,1, . . . :

2[−(I − Kt�t)et ]T �t+1Ktηt ≤ aeT
t (I − Kt�t)

T �t+1(I − Kt�t)et

+ 1

a
ηT

t KT
t �t+1Ktηt , (27)

2[(I − Kt�t)et ]T �t+1ϕt ≤ beT
t (I − Kt�t)

T �t+1(I − Kt�t)et

+ 1

b
ϕT

t �t+1ϕt , (28)
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−ϕT
t �t+1Ktηt ≤ ϕT

t �t+1ϕt + ηT
t KT

t �t+1Ktηt . (29)

Proof Recall that, for every positive integer s, every symmetric positive definite ma-
trix X ∈ R

s×s , and every v1, v2 ∈ R
s , Young’s inequality [33] gives

2vT
1 v2 ≤ vT

1 Xv1 + vT
2 X−1v2. (30)

By applying Eq. 30 to the first term of the left-hand side of Eq. 27 with v1 = −(I −
Kt�t)et , v2 = �t+1Ktηt , and X = a�t+1, a > 0, we obtain

2[−(I − Kt�t)et ]T �t+1Ktηt ≤ aeT
t (I − Kt�t)

T �t+1(I − Kt�t)et

+ 1

a
ηT

t KT
t �t+1Ktηt .

Similarly one can prove Eq. 28, by using Eq. 30 with v1 = (I − Kt�t)et , v2 =
�t+1ϕt , and X = b�t+1, b > 0, and Eq. 29, by using Eq. 30 with v1 = 1√

2
ϕt , v2 =

1√
2
�t+1Ktηt , and X = 2�t+1. �

Lemma 2 Under Assumptions 5(ii) and (iii), the following inequality holds for t =
0,1, . . . :

‖Kt‖ ≤ pmaxhmax

rmin
. (31)

Proof From Eq. 3 we have

‖Kt‖ ≤ ‖Pt‖‖HT
t (HtPtH

T
t + Rt)

−1‖ ≤ ‖Pt‖‖HT
t ‖‖(HtPtH

T
t + Rt)

−1‖. (32)

As HtPtH
T
t is positive semidefinite and Rt is positive definite, we obtain HtPtH

T
t +

Rt ≥ Rt ≥ rminI , hence (HtPtH
T
t + Rt)

−1 ≤ R−1
t ≤ 1

rmin
I and so

‖(HtPtH
T
t + Rt)

−1‖ ≤ 1

rmin
.

The above inequality, Assumptions 5(ii) and (iii), and Eq. 32 give Eq. 31. �

Lemma 3 Under Assumptions 5(ii) and 6, for every α > 0 the following inequality
holds for t = 0,1, . . .

(α + 1)(I − Kt�t)
T �t+1(I − Kt�t) ≤ (1 − β)�t , (33)

where �t = P −1
t , β = k2

1+k2
< 1, and k2 = ε(pmax(1 + pmaxh

2
max

rmin
)2)−1.

Proof From Eqs. 3 and 4 we have

Pt+1 = (α + 1)(Pt − KtHtPt + εI)

= (α + 1)(Pt − PtH
T
t (HtPtH

T
t + Rt)

−1
HtPt + εI)
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= (α + 1)(Pt − PtH
T
t KT

t + εI)

= (α + 1)((I − KtHt)Pt (I − KtHt)
T + KtHtPt (I − KtHt)

T + εI). (34)

Consider the term KtHtPt (I − KtHt)
T in Eq. 34. By using Eq. 3 and the matrix

equality (7B.5) in [12, p. 262], we obtain

(P −1
t + HT

t R−1
t Ht )

−1 = Pt − PtH
T
t (HtPtH

T
t + Rt)

−1HtPt

= (I − PtH
T
t (HtPtH

T
t + Rt)

−1Ht)Pt = (I − KtHt)Pt .

Thus,

I − KtHt = (P −1
t + HT

t R−1
t Ht )

−1P −1
t > 0. (35)

As KtHt = PtH
T
t (HtPtH

T
t + Rt)

−1Ht is positive semidefinite, by (35) the matrix
KtHtPt (I − KtHt)

T is positive semidefinite, too. Hence, from (34) we get

Pt+1 ≥ (α + 1)((I − KtHt)Pt (I − KtHt)
T + εI)

and, by left and right multiplying for (I − KtHt)
−1 and [(I − KtHt ]T )−1, respec-

tively, we have

1

α + 1
(I − KtHt)

−1Pt+1[(I − KtHt)
T ]−1 ≥ Pt + ε(I − KtHt)

−1[(I − KtHt)
T ]−1.

(36)
Lemma 2 and Assumption 5(ii) enable us to obtain

I − KtHt ≤ ‖I − KtHt‖I ≤ (‖I‖ + ‖KtHt‖)I

≤ (1 + ‖Kt‖‖Ht‖)I ≤
(

1 + pmaxh
2
max

rmin

)
I

and so, by inverting both sides,

(I − KtHt)
−1 ≥ 1

1 + pmaxh2
max

rmin

I.

By Eq. 36, since I = PtP
−1
t ≥ Pt/pmax, by Assumption 5(iii) the previous inequality

gives

1

α + 1
(I − KtHt)

−1Pt+1[(I − KtHt)
T ]−1 ≥ (1 + k2)Pt ,

where k2 = ε[pmax(1 + pmaxh
2
max

rmin
)2]−1 > 0. By inverting both sides of this inequality,

we obtain

(α + 1)(I − KtHt)
T P −1

t+1(I − KtHt) ≤ 1

1 + k2
P −1

t . (37)
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By Assumption 6 we can bound from above as follows

(I − Kt�t)
T P −1

t+1(I − Kt�t) ≤ λmax[(I − Kt�t)
T P −1

t+1(I − Kt�t)]I
≤ λmin[(I − KtHt)

T P −1
t+1(I − KtHt)]I

≤ (I − KtHt)
T P −1

t+1(I − KtHt).

By Eq. 37 the latter inequality gives (I − Kt�t)
T �t+1(I − Kt�t) ≤ 1

α+1
1

1+k2
�t ≤

1
1+k2

�t = (1 − β)�t . �
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