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SUMMARY

A class of non-linear models having the structure of combinations of simple, parametrized basis functions
is investigated; this class includes widespread neural networks in which the basis functions correspond to
the computational units of a type of networks. Bounds on the complexity of such models are derived in
terms of the number of adjustable parameters necessary for a given modelling accuracy. These bounds
guarantee a more advantageous tradeoff than linear methods between modelling accuracy and model
complexity: the number of parameters may increase much more slowly, in some cases only polynomially,
with the dimensionality of the input space in modelling tasks. Polynomial bounds on complexity allow one
to cope with the so-called ‘curse of dimensionality’, which often makes linear methods either inaccurate or
computationally unfeasible. The presented results let one gain a deeper theoretical insight into the
effectiveness of neural-network architectures, noticed in complex modelling applications.
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1. INTRODUCTION

Linear models (see, e.g. References [1, 2]) exhibit limitations in many applications in which
strong nonlinearities are present. Recently, learning-based non-linear modelling methodologies
have emerged as promising alternatives aimed at implementing identification and control
structures for adaptive control of non-linear dynamical systems (see, e.g. References [3–5]).
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Parametrized classes of non-linear input–output mappings with powerful approximating
capabilities, such as neural networks, have become attractive tools for modelling complex
systems on the basis of input–output data (see. e.g. References [6, 7] and the references therein).
The density property (in the neural-network parlance also called universal approximation
property), which ensures the possibility of approximating arbitrarily well all ‘reasonable’
functions encountered in applications, has been proven for neural networks with various types
of architectures and computational units (e.g. radial-basis-functions and perceptrons; see
References [8, 9] and the references therein) and is a necessary condition to guarantee an
arbitrary modelling accuracy.

However, density does not ensure feasibility: in complex modelling tasks, classes of models
are required to allow a good compromise between the accuracy of approximation and the
‘complexity’ necessary to achieve such an accuracy. For linear and neural-network methods, the
complexity can be expressed by the size of a properly defined parameter vector (e.g. the degree
of a polynomial or the number of knots of a fixed-knots spline in the linear case, the number of
hidden units of a neural network in the non-linear context, etc.). In classical linear methods, the
adjustable parameters are the coefficients of the linear combinations of fixed basis functions,
whereas in neural-network architectures they also include the weights in computational units.
High-dimensional modelling is often unfeasible because of the curse of dimensionality [10]: the
number of parameters required to obtain a desired modelling accuracy may grow exponentially
with the number d of variables of the non-linear mappings to be modelled. On the other hand,
applications have shown the possibility of effectively using neural networks with a moderate
number of parameters in approximation and optimization tasks dependent on a large number of
variables, for which traditional linear methods are inefficient (see References [11–15] and the
references therein). These results have motivated the development of a theoretical framework to
investigate the capabilities of neural architectures and to compare them with classical linear
methods (see, e.g. References [16, 17] and the references therein).

This paper is written with three objectives. The first is to show how methods from
approximation theory can be used to bound the complexity of different models by introducing a
comprehensive formulation that encompasses linear techniques and a variety of widespread
non-linear ones (neural networks, radial basis networks, wavelets, hinging hyperplanes, fuzzy
models, etc.). Toward this end, we focus on the common features of such non-linear techniques:
we show that they have the same geometrical structure, and we point out the basic differences
between them and linear methods. The second objective is to gain theoretical insights into the
effective performances of neural networks in modelling complex non-linear mappings. The third
objective is to make some comparisons between linear and neural-network models and to show
some advantages of the latter, using a priori knowledge to define suitable smoothness classes for
the non-linearities to be modelled.

We formalize modelling tasks in terms of approximation theory in functional spaces. A given
modelling task determines the choice of an ambient functional space, the a priori assumptions
about the systems to be modelled identify a hypothesis class, and the choice of a class of models
corresponds to the choice of an approximation scheme. Multiple models can be used for the same
system in different operating environments, which identify different hypothesis classes.

We give bounds on the complexity of linear and non-linear models of the neural-network
type, for different hypothesis classes (e.g. corresponding to different operating environments for
the same system) and in different ambient spaces, each associated with a certain modelling task.
Bounds on model complexity are determined by estimating the rate of decrease in the modelling
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error as a function of the number of adjustable parameters. We provide lower bounds on the
worst-case modelling error by linear methods: such bounds are larger than the upper bounds on
the same error by non-linear models of the neural-network type. In all such cases, network
modelling architectures outperform linear methods. We also exhibit neural-network models
characterized by moderate complexity, in the sense that the number of parameters necessary for
a desired accuracy grows at most polynomially with the dimension of the input space, in certain
modelling tasks for which the use of linear methods is computationally unfeasible. Our estimates
give theoretical insights into applicative results, showing that the use of neural-network models
instead of linear ones often allows a significant reduction in the number of parameters required
for a given modelling accuracy.

The paper is organized as follows. Section 2 deals with basic notations and definitions and
introduces a mathematical framework to describe the different structures of linear and neural-
network models. Section 3 shows how tools from approximation theory can be used to develop
a procedure of complexity-based model selection. Section 4 presents a variety neural-network
models with moderate complexity. Section 5 considers linear methods and provides lower
bounds that imply a poor efficiency of such methods in certain modelling tasks. As an example
of application of the approach developed in previous sections, in Section 6 a comparison
between linear and neural-network models (represented by perceptron networks) is made.
Section 7 contains some concluding remarks.

2. THE STRUCTURES OF LINEAR AND NEURAL-NETWORK MODELS

Both linear and neural-network models can be represented as sets of parametrized mappings in
which the parameters have to be updated in such a way that the modelling error is decreased
(e.g. by gradient-type descent methods like back-propagation for neural networks). In classical
linear models, the adjustable parameters are the coefficients of the linear combinations of fixed
basis functions, whereas in neural-network architectures the parameters also include the weights
in computational units. In this section, we describe a mathematical framework to represent these
two different kinds of parametrizations.

Linear models are based on the use of linear combinations of a set of fixed basis functions.
Such linear combinations ‘span’ a finite-dimensional subspace, of dimension equal to n; the
dimension is n when the fixed basis functions are linearly independent. Thus, the free parameters
are the n coefficients of the linear combinations of the fixed basis functions. For example, the
subspace of all polynomials of order at most n� 1 is spanned by the first n elements of the set
fxi�1: i 2 Nþg; where Nþ denotes the set of positive integers. As this corresponds to the use of
linear combinations of a certain number of fixed basis functions, the term fixed-basis models is
used, too.

In recent years, there has been growing interest in non-linear models such as wavelets, radial
basis networks, kernel estimators, B-splines, sigmoidal neural networks, hinging hyperplanes,
projection pursuit regression, etc. (see Reference [18]). All these models share a common feature:
they are built as combinations of a number of nonlinearities corresponding to parametrized
basis functions with a fixed structure in which a certain number of ‘free’ parameters have to be
adjusted. Typically, such basis functions are obtained by parametrizing a single ‘mother’
function, the choice of which determines the properties of a model [19]. In the following, we
introduce a general class of non-linear models that encompasses such modelling techniques.
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We call f-network models, with computational units f :Rp �Rd ! R (R denotes the set of
real numbers) and a single linear output unit, the non-linear mappings

Pn
i¼1 wifðai; :Þ; where

ai 2 A � Rp; and p and d represent the dimensions of a parameter space and an input space,
respectively. The function f plays the role of the ‘mother’ function mentioned above. As in
applications all inputs are bounded, the set A is a bounded subset of Rd ; without loss of
generality, we consider A to be the unit cube ½0; 1�d : Widespread types of f-network models are
perceptron networks and radial basis functions networks.

A perceptron with an activation function c :R ! R computes functions of the form
fððv; bÞ; xÞ ¼ cðv � xþ bÞ : Rdþ1 �Rd ! R; where v 2 Rd is an input weight vector and b 2 R is a
bias. The most common activation functions in perceptrons are sigmoidals, i.e. bounded
measurable functions s : R ! ½0; 1� such that limt!�1 sðtÞ ¼ 0 and limt!þ1 sðtÞ ¼ 1: One can
use both continuous sigmoidals (like the logistic sigmoid 1=ð1þ e�tÞ or the hyperbolic tangent)
and the discontinuous Heaviside function W; defined as WðtÞ ¼ 0 for t50 and WðtÞ ¼ 1 for t50:
By PdðcÞ ¼ ff : ½0; 1�d ! R : f ðxÞ ¼ cðv � xþ bÞ; v 2 Rd ; b 2 Rg we denote the set of functions
on ½0; 1�d computable by c-perceptrons. A radial basis function (RBF) unit with a radial (even)
function c : R ! Rþ (Rþ is the set of positive real numbers) computes fððv; bÞ; xÞ ¼ cðbjjx�
vjjÞ; where v 2 Rd is a centroid, b 2 Rþ is a width and jj:jj is a norm on Rd : By
Fd ðcÞ ¼ ff : ½0; 1�d ! R; f ðxÞ ¼

Pn
i¼1 wicðbijjx� vijjÞ; vi 2 Rd ;wi; bi 2 R; n 2 Nþg we denote

the set of functions on ½0; 1�d computable by c-RBF networks. The standard choice of a radial
function is the Gaussian function.

Models having the structure of f-networks can be mathematically formalized as linear
combinations of at most n elements of the set Gf ¼ ffða; �Þ; a 2 A � Rpg; representing the set of
functions computable by hidden network units. The set of input/output mappings computed by a
f-network with a single linear output unit and n hidden units, each computing the function f; is
given by spann Gf ¼ f

Pn
i¼1 wigi;wi 2 R; gi 2 Gfg: Such a set has the geometrical structure of the

union of finite-dimensional subspaces generated by all n-tuples of elements of Gf [17]. Thus, non-
linear models of the neural-network type correspond to the unions of finite-dimensional subspaces
generated by hidden unit functions. As such functions play the role of a variable basis, in contrast
to the fixed basis corresponding to the linear case, the term variable-basis models is used, too.
Commonly used RBF and perceptron models can be formalized as follows: the sets spann Pd ðcÞ
and spann Fd ðcÞ represent the sets of functions on ½0; 1�d computable by c-perceptron models and
c-RBF models, respectively, with n hidden units; span PdðcÞ and span Fd ðcÞ denote the set of
functions on ½0; 1�d computable by such networks, resp., with any number of hidden units.

Note that variable-basis models include not only neural networks and radial basis functions,
but also many other non-linear models (see the references in References [17, 18]), such as
trigonometric polynomials with free frequencies, free-node splines, etc. Multilayer networks
with a single linear output unit and n units in the last hidden layer can also be represented by
this class of models; they compute functions from spann G; with G dependent on the numbers of
units in the previous hidden layers.

3. COMPLEXITY-BASED MODEL SELECTION

Modelling can be represented as an approximation task in a functional space (we call it the
ambient space), which is defined by the application: for example, the space of continuous
functions with the supremum norm (when asymptotic properties of the model have to be
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fulfilled, like stability or convergence of estimation errors), the space of square-integrable
functions with the L2 norm, etc. In general, by ðX ; jj:jjÞ we denote a normed linear space
corresponding to the ambient space considered (when the norm is clear from the context, we
write X only). We recall that a Banach space is a normed linear space that is complete and a
Hilbert space is a Banach space with a norm induced by an inner product, i.e. jjf jj ¼

ffiffiffiffiffiffiffiffiffiffi
f � f

p
[20,

pp. 126, 201]. Let M ; Y be two subsets of ðX ; jj:jjÞ: M represents a class of models and Y is a set of
mappings to be modelled. The error made in modelling the mapping f 2 Y by the model g 2 M is
measured by the distance jjf � gjj:

When linear and f-network models are used, model complexity can be expressed by the size of
a properly defined parameter vector: the degree of a polynomial or the number of knots of a
fixed-knots spline in the linear case, the number of computational units of a neural network, etc.
One naturally expects that the larger the number of parameters used to describe a model, the
more accurate the description, as the model itself is more flexible. However, implementation
feasibility requires a tradeoff between approximation accuracy and model complexity (i.e. the
number of parameters), particularly for high-dimensional modelling tasks. Classes of models
have to be chosen such that they guarantee an arbitrarily high modelling accuracy when one
uses a moderate number of parameters, i.e. models that have a limited complexity. Complexity-
based multiple models selection entails the following steps:

(1) Identifying different operating environments (corresponding, for instance, to the failures
of one or more subsystems, to the presence or absence of disturbances, to the change of
certain parameters).

(2) Exploiting the a priori assumptions to restrict the sets of mappings to be approximated.
Various hypothesis classes can be defined, one for each operating environment. As
different environments are often represented by non-linear mappings with different
properties, a single model may not be adequate enough to identify the changes in a
dynamic system. In such cases, the use of multiple models is mandatory.

Then, for each hypothesis class, the following tasks should be accomplished:
(3) Estimating the number of parameters required by different modelling networks to achieve

the desired modelling accuracy.
(4) Choosing the structure (e.g. linear, non-linear of the neural-network type, etc.) that

allows the desired modelling accuracy with the smallest number of parameters. In
particular, in tasks involving high-dimensional input spaces the curse of dimensionality
has to be avoided.

(5) Tuning the parameters.

In the remainder of this section, we introduce a mathematical framework to formalize steps
(3) and (4) and to compare the complexities of linear and neural-network models in terms of
approximation theory.

As both linear and neural-network models are obtained by combining elements from a set of
(fixed or variable, resp.) basis functions, the number of such functions can be considered as a
measure of model complexity. Classes of models with increasing complexity can be represented
as the union of a nested sequence fMn: n 2 Nþg of sets of functions spanned by an increasing
number n of basis functions. In applications, the rate of decrease in the modelling error in
dependence of the number of basis functions has to be high enough so that models with a
moderate complexity may guarantee a sufficient accuracy.
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This can be studied with tools from approximation theory by introducing the concept of
worst-case modelling error from a class M of models, used to model elements from a hypothesis
class Y : Such an error is mathematically formalized by the deviation of Y from M ; defined as

dðY ;MÞ ¼ sup
f2Y

jjf �M jj ¼ sup
f 2Y

inf
g2M

jjf � gjj

Thus we are interested in the rate of decrease of the deviations dðY ;MnÞ for increasing values
of n: If

S
n2N Mn is dense in X ; then, for any f 2 X ; the sequence fjjf �Mnjj: n 2 Nþg converges

to 0. But, in practical applications, this convergence has to be sufficiently fast to guarantee any
desired modelling accuracy for n small enough, to allow models from Mn to have moderate
numbers of parameters. For functions of d variables, it often happens that deviations are of
order Oð1=n1=d Þ: In such a case, to achieve a modelling accuracy within e; approximating
functions with complexity of order Oð1=edÞ are needed. Such exponential dependence of
complexity on the number of variables determines the so-called curse of dimensionality [10].

Recalling that linear methods correspond to the use of finite-dimensional subspaces Xn of the
ambient space X (i.e. Mn ¼ Xn), to compare neural networks with linear techniques we shall
compare the deviation dðY ; spann GÞ with the deviation of Y from the ‘best’ approximating linear
subspace Xn of X : This is formalized by the concept of n-width of Y in X ; defined as (see, e.g.
Reference [21, pp. 1, 2])

dnðY Þ ¼ inf
Xn

dðY ;XnÞ ¼ inf
Xn

sup
f2Y

inf
g2Xn

jjf � gjj

where the left-most infimum is taken over all n-dimensional subspaces Xn of X ; spanned by n
linearly independent basis functions.

Estimating deviation and n-width in dependence of the number n of basis functions and the
dimension d of the input space (i.e. the number of variables) is essential to the choice of a model
with limited complexity. Approximation theory provides lower bounds on n-width that often
result in poor performances of linear methods (see, e.g. References [17, 21]). When the
parameters of the basis functions are continuously adjusted to the function to be approximated,
it is possible to extend the lower bounds on n-width from linear methods to non-linear models.
This was done in Reference [22] by defining a proper continuous non-linear n-width. However,
such lower bounds cannot be applied a priori to neural networks, as it has recently been shown
[23] that, for most standard types of such networks (e.g. Gaussian radial-basis-functions and
Heaviside perceptrons) the best approximation cannot be achieved in a continuous way.
Roughly speaking, neural-network models might exploit the non-linearity-in-parameters to
achieve the same modelling accuracy as attained by linear methods but with a reduced
complexity. Indeed, experimental results have shown that neural-network adaptive architectures
with relatively few adjustable parameters can obtain surprisingly good performances.

Next sections give a theoretical insight into the effectiveness of neural networks in complex
modelling tasks, in which traditional linear models are often unable to perform satisfactorily.
We make comparisons between estimates of dnðY Þ and dðY ; spann GÞ; i.e. between the best
achievable modelling accuracy of mappings from a hypothesis class Y by linear models with n
basis functions and the best non-linear modelling accuracy of the same mappings by elements of
network models represented by spann G:
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4. UPPER BOUNDS ON THE COMPLEXITY OF NEURAL-NETWORK MODELS

From a qualitative point of view, the main limitation of linear models consists in the use of
linear combinations of certain fixed functions: being fixed, such functions cannot be adapted to
mappings representing different systems to be modelled or different operating environments of
the same system. In contrast to this, non-linear approximators of the variable-basis type such as
neural networks take advantage of their adjustable parameters (e.g. the centres and the weight
matrices in radial basis functions, the frequencies and phases in trigonometric basis functions,
the thresholds in sigmoidal basis functions, etc.), which allow one to choose the basis functions
adaptively, i.e. depending on the input–output mapping to be approximated.

The description of various sets of d-variable functions that do not exhibit the curse of
dimensionality in variable-basis approximation can be derived by exploiting the following result
of non-linear approximation theory, obtained by Maurey, Jones and Barron (see References
[24, 25, 16]).

Theorem 1 (Maurey [24], Jones [25], Barron [16])
Let ðX ; jj:jjÞ be a Hilbert space, G its bounded subset, sG ¼ supg2G jjgjj; and f 2 cl convG: Then,

for every positive integer n; jjf � convn Gjj4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs2G � jjf jj2Þ=n

q
:

This theorem gives an upper bound of order Oðn�1=2Þ; independently of the number d of
variables of functions in X : As convn G � spann G; the upper bound from Theorem 1 also
applies to rates of approximation by spann G: However, when G is not closed under
multiplication by scalars, cl convG is a proper subset of cl spanG: Thus, the density of span
G in ðX ; jj:jjÞ does not guarantee that Theorem 1 can be applied to all elements of X : By replacing
G with GðcÞ ¼ fwg;w 2 R; jwj4c; g 2 Gg; for any c > 0 one gets convn GðcÞ � spann GðcÞ ¼
spann G; and so one can apply Theorem 1 to all elements of

S
c2Rþ

cl convGðcÞ: This approach
was formulated in Reference [26] in terms of a norm ‘tailored’ to a set G; called G-variation
(variation with respect to G) and defined [26] as the Minkowski functional of the set cl conv
ðG[�GÞ; i.e. jjf jjG ¼ inffc 2 Rþ; f=c 2 cl conv ðG[�GÞg:

G-variation is a norm on ff 2 X : jjf jjG51g � X : To simplify the notation we write only jj:jjG
whenever it is clear with respect to which norm G-variation is defined. Intuitively, jjf jjG shows us
how much the set G should be dilated, so that f may be in the closure of the convex symmetric
hull of the dilated set. G-variation is a generalization of two concepts: the notion of total
variation used in integration theory (for functions of one variable, it coincides up to a constant
with total variation) and l1 norm (see Reference [17] for details).

The following upper bound is a reformulation of Theorem 1 in terms of G-variation [14].

Theorem 2 (Ku
:
rková)

Let ðX; jj:jjÞ be a Hilbert space, G its bounded subset, sG ¼ supg2G jjgjj: Then, for every f 2 X and

every positive integer n; jjf � spann Gjj4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ððsG jjf jjGÞ

2 � jjf jj2Þ=n
q

:

Let Brðjj:jj
0Þ denote the ball of radius r > 0 with respect to a norm jj:jj0; i.e. Brðjj:jj

0Þ ¼ ff 2
ðX ; jj:jjÞ; jjf jj04rg: As conv ðG[�GÞ ¼ convGð1Þ; we have jjf jjG ¼ inffc 2 Rþ : f 2 cl conv
GðcÞg and the unit ball B1ðjj:jjGÞ in G-variation is equal to cl convðG[�GÞ: Thus Theorem 2
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implies the following upper bound on deviation of balls in G-variation. For a subset G of X ;
G0 ¼ fg0 ¼ g=jjgjj : 0=g 2 Gg denotes the set of its normalized elements.

Corollary 1 (Ku
:
rková and Sanguineti [17])

Let ðX ; jj:jjÞ be a Hilbert space, G its bounded subset, and sG ¼ supg2G jjgjj: Then, for every positive
integer n and every r > 0; dðBrðjj:jjGÞ; spann GÞ4rsG=

ffiffiffi
n

p
; and dðBrðjj:jjG0Þ; spann GÞ4r=

ffiffiffi
n

p
:

Corollary 1 can be used as explained in the following to bound the complexity of variable-
basis models. Suppose, for example, that a system-theoretic analysis guarantees the existence of
a non-linear input–output mapping or of a mapping between measurements and controls. If one
can prove that such non-linearities belong to balls of fixed radius in Gf-variation, for a certain
f-network, then any desired modelling accuracy e can be obtained by using f-network models
with n4r2=e2 basis functions (i.e. at most n adjustable network units), independently of the
number d of variables of the mappings to be modelled. This is particularly interesting in high-
dimensional problems, in which the use of linear methods is often made computationally
unfeasible as too many parameters are required, and assumes major importance when the input
space is of large dimension, such as in the case of high-order plants [7, p. 43].

When G corresponds to the set Gf of functions computable by hidden units, Corollary 1
applies to neural-network models. The bound of order Oðn�1=2Þ; when combined with the
availability of gradient-like training algorithms (based on the output error of the network and
well-suited to parallel implementation) for adjusting parameters, makes f-network models very
attractive. Further theoretical results on upper bounds on the complexity of f-network models
can be found in Reference [27].

The practical importance of Corollary 1 relies on the possibility of embedding a ball of some
radius in G-variation in the set representing the hypothesis class of the modelling problem at
hand. In other words, Corollary 1 becomes useful only if sets Brðjj:jjGf

Þ; where Gf corresponds to
a f-network model, contain functions of interest in applications. In the following we give some
examples, for various hypothesis classes defined by smoothness conditions in terms of the
Fourier transform and for f-networks with various types of basis functions.

Example 1 (Trigonometric polynomials with free frequencies)
Using the results from Reference [25], one can see that functions f : Rd ! R satisfying

R
Rd j #ff

ðoÞj do4c for some c > 0; where #ff is the Fourier transform of f ; are contained in a ball of a
suitable radius in variation with respect to Pd ðsinÞ; where PdðsinÞ-variation is defined in L2ðOÞ;
O � Rd ; with the jj:jj2 norm. Note that models of the form Pd ðsinÞ correspond to trigonometric
polynomials with free frequencies.

Example 2 (Ramp perceptron models)
Similarly, on the basis of Reference [28] one concludes that the sets of functions f : Rd ! R
satisfying

R
Rd joj2j #ff ðoÞj do4c for some c > 0; can be embedded into balls in variation with

respect to ramp perceptrons, i.e. perceptrons using as a computational unit the ramp function k;
defined as kðtÞ ¼ tWðtÞ; i.e. kðtÞ ¼ 0 for t50 and kðtÞ ¼ t for t50:

Example 3 (Sigmoidal perceptron models)
In Reference [16], sets of functions Gd

c ¼ ff : Rd ! R
R
Rd jojj #ff ðoÞj do4cg; c > 0; were

investigated, where #ff is the Fourier transform of f ; and joj ¼
ffiffiffiffi
o

p
� o denotes the l2 norm of
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the frequency o: Reformulation of the results from [16, pp. 935, 941] implies that #GGd
c ¼

ff jBd
1
: f 2 Gd

cg; where Bd
1 denotes the unit ball in Rd with the l2 norm, is contained in the ball

B2cðjj:jjPd ðsÞÞ; where Pd ðsÞ-variation is defined in L2ðBd
1Þ with the jj:jj2 norm. Multi-variable sets of

functions that are of interest in modelling tasks and are contained in Gd
c ; for some c > 0; were

described in Reference [16].
The above-mentioned results are summarized in Table I; other f-network models with

the same bound of order 1=e2 on complexity are discussed in Reference [29]. In general,
to guarantee a limited model complexity, different approximating families have to be
used in different operating environments that can result from various events (sudden
changes in parameter values, external disturbances, faults such as failures of sensors, etc.).
When an input/output representation is available, such environments are mathematically
represented by hypothesis classes having different smoothness characteristics. Thus Table I gives
an insight into the intuition that the most convenient model depends on each hypothesis class.

Example 4 (Sobolev spaces as hypothesis classes)
Let us consider the Sobolev spaces W s

pðOÞ; 14p51; O � Rd ; of measurable functions
that, together with their partial derivatives up to order s; have an integrable p-th power.
It is known [19] that the best approximation of functions belonging to W s

2 ðOÞ; when the
error is measured in L2 norm, is an orthogonal projection on a linear subspace. However, it can
be shown [21, pp. 232–233] that, for the hypothesis class W s

pðOÞ with p52; the optimal
projection on an n-dimensional subspace converges at a rate of order Oðn�s0=d Þ; where s0 ¼
s� 1=p þ 1=2; whereas there exist non-linear approximators exhibiting a higher convergence
rate of order Oðn�s=d Þ [19]. The smaller p; the more significant the difference between these two
rates. From a practical point of view, functions in W s

pðOÞ with small p values have sparse
singularities: the rate of linear models for mappings with local jumps and spikes is slower than
for uniformly smooth functions. Roughly speaking, variable-basis models are preferable in these
cases [19].

It is worth noting that the upper bound on the modelling error by spann Gf given
by Theorems 1 and 2 and Corollary 1 can be applied not only to neural-network models
but also to various other classes of widespread non-linear models, such as free-node
splines, trigonometric polynomials with free frequencies, etc. [17].

Table I. Examples of neural-network models with complexity bounded by r=e2 in the ambient space
L2ðOÞ;O � Rd compact, for some hypothesis classes.

Neural-network model Hypothesis class Bound on
spann Gf (subset of Brðjj:jjGÞ) complexity

Gsin ¼ ff ðxÞ ¼ sinðx � wþ yÞ;w 2 Rd ; y 2 Rg ff :
R
Rd j #ff ðxÞj dx5rg

r2

e2

Gs ¼ ff ðxÞ ¼ sðx � wþ yÞ;w 2 Rd ; y 2 Rg ff :
R
Rd jxjj #ff ðxÞj dx5rg

r2

e2

Gk ¼ ff ðxÞ ¼ kðx � wþ yÞ;w 2 Rd ; y 2 Rg ff :
R
Rd jxj2j #ff ðxÞj dx5rg

r2

e2
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5. LOWER BOUNDS ON THE COMPLEXITY OF LINEAR MODELS

We start this section with an example.

Example 5 (Comparison between linear and neural-network models of sigmoidal perceptron type)
The first result pointing out the advantages of neural-network approximation over linear
methods is the theoretical comparison in Reference [16] of the worst-case errors in linear and
neural-network approximations. Applying Theorem 1, classes of multi-variable functions were
described in Reference [16]; for such classes the L2 approximation error by one-hidden-layer
sigmoidal perceptron networks is bounded from above by a quantity of order Oð1=

ffiffiffi
n

p
Þ; where n

is the number of network hidden units. It was also proven that the L2 error of the best linear
approximator is bounded from below by a quantity of order Oð1=ðd d

ffiffiffi
n

p
ÞÞ; where n is the

dimension of the linear approximating subspace and d is the number of variables of the
functions to be approximated. More precisely, in ðL2ð½0; 1�dÞ; jj:jj2Þ;

dnð %GGd
c Þ5

ca

d d
ffiffiffi
n

p ð1Þ

where a51=ð8pep�1Þ and %GGd
c ¼ ff j½0;1�d : f 2 Gd

cg: Instead, in ðL2ðBd
1Þ; jj:jj2Þ

dð *GGd
c ; spann PdðsÞÞ4

2cffiffiffi
n

p ð2Þ

where *GGd
c ¼ ff jBd

1
: f 2 Gd

cg and Bd
1 denotes the unit ball in Rd with the l2 norm.

The asymptotic rates of bounds (1) and (2) are influenced by the dependence of c on the
dimension d: Hypothesis classes for which such dependence is linear or, more generally,
polynomial, are described in Reference [16]. For such classes, which include various sets of
functions of interest in applications, the lower bound (1) implies the curse of dimensionality,
whereas the upper bound (2) grows only polynomially with increasing dimension d: Thus, when
c grows polynomially with d; linear models with a number of basis functions growing
exponentially with d are necessary to guarantee an accuracy e (as (1) implies n5ððcaÞ=ðdeÞÞd).
Instead, the number of network computational units necessary for the same accuracy has to
grow at most polynomially with d (as (2) implies n4ð2c=eÞ2). In these cases, the advantageous
behaviour of sigmoidal neural-network models contrasts with the unfeasibility of linear methods
in high-dimensional modelling tasks.

It was shown in Reference [17] that, for linear models, lower bounds of the same order as (1)
can be derived for more general classes, for which the upper bound (2) on modelling accuracy by
neural networks holds. Moreover, a general framework was developed in Reference [17] for the
description of sets of functions the approximation of which by linear methods may exhibit the
curse of dimensionality, whereas the rate of approximation by spann Gf depends polynomially
on d for suitable classes of f-networks. For such sets of functions, linear methods are
outperformed by f-network models.

In the following, we use tools from metric entropy theory and derive lower bounds on the
worst-case error in modelling by linear methods various classes of mappings. We show that
linear models are outperformed by neural-network models for such hypothesis classes.

Recall that, for e > 0; the e-covering number of a subset K of a normed linear space ðX ; jj:jjÞ is
defined as coveðK; jj:jjÞ ¼ minfm 2 Nþ: K �

Sm
i¼1 Beðfi; jj:jjÞ; fi 2 X ; i ¼ 1; . . . ;mg if the set over
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which the minimum is taken is nonempty, otherwise coveðK; jj:jjÞ ¼ þ1: The e-metric entropy of
K is defined as HeðK; jj:jjÞ ¼ log2 coveðK; jj:jjÞ: When it is clear from the context which norm is
considered, we will simply write coveðKÞ and HeðKÞ instead of coveðK; jj:jjÞ and HeðK; jj:jjÞ;
respectively. As pointed out by Lorentz [30, pp. 150, 163], both the n-width of a set and its
metric entropy measure the ‘size’ of that set, although in different ways.

In general, in infinite-dimensional spaces there exist sets whose e-entropies increase arbitrarily
fast for e ! 0 [31, 6.8.3]. However, when a compact set of functions to be approximated is
characterized by suitable bounds on the rate of increase of its entropy, some lower bounds on
the n-width can be derived. The following proposition is a reformulation in terms of n-width of
Reference [31, Theorems 6.8.31 and 6.8.33]. When suitable estimates of the e-entropy are
available, linear methods imply a limited accuracy.

Proposition 1

Let G be a compact subset of an infinite dimensional Banach space ðX ; jj:jjÞ:

(i) If a logb2 ð1=eÞ4HeðGÞ4b logb2 ð1=eÞ for some constants a; b > 0 and some b > 1; then there
exists an integer n1 such that, for all n5n1; dnðGÞ5rn

1=ðb�1Þ
; where r is a constant

independent of n and 05r51:
(ii) If a logb2ð1=eÞ4 log2 HeðGÞ4b logb2ð1=eÞ for some constants a; b > 0 and some b > 1; then

there exists an integer n2 such that, for all n5n2; dnðGÞ5rðlnnÞ
1=b
; where 05r51 is a

constant independent of n:

We exploit Proposition 1 to prove limitations of linear methods for certain sets of analytic
functions, in terms of lower bounds on their n-width. The use of linear models based on various
types of orthogonal basis functions was studied, for example, in Reference [32] in the case where
the systems to be modelled are analytic. It was proven in Reference [32] that Laguerre basis
functions and Kautz basis functions are convenient for well-damped and lightly damped
systems, resp. However, this requires information about the dominating poles of a plant, which
might not be available. We denote by AdðSÞ the set of all real-valued analytic functions of d
variables defined on a bounded set S in the d-dimensional complex space. AdðSÞ is a d-
dimensional linear space over the complex numbers. IfF is a compact subset of S; we denote by
A ¼ AdðF; S;MÞ the metric space of all functions f 2 Ad ðSÞ that satisfy jf ðzÞj4M for z 2 S; A is
metrized by the supremum norm on F:

Proposition 2

Let d be a positive integer, M > 0; S a bounded set in the d-dimensional complex space, F its
compact subset with nonempty interior. Then there exists an integer n1 such that in the
supremum norm for all n5n1;

dnðAdðF; S;MÞÞ5rn
1=d

where r is a constant independent of n and 05r51:
Proof

By [30, Theorem 6, p. 161], there exist a; b > 0 such that a logdþ1
2 ð1=eÞ4HeðAd ðF; S;MÞÞ4b

logdþ1
2 ð1=eÞ: From basic facts about analytic functions it follows that all f 2 Ad ðF; S;MÞ have

uniformly bounded derivatives [30, p. 156] on F: Therefore, by Ascoli-Arzel"aa’s theorem [20,
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p. 113], the sets AdðF; S;MÞ are compact. So we conclude the statement by Proposition 1 (i) with
G ¼ Ad ðF; S;MÞ and b ¼ d þ 1:

We now turn our attention to the lower bounds on the n-width of balls in Gf-variation, for
which we know from Corollary 1 that non-linear models of the f-network type achieve a
modelling accuracy of order Oð1=

ffiffiffi
n

p
Þ: We use the following reformulation of a result from [33,

p. 79], also reported in a slightly simplified form in Reference [30, Theorem 8, p. 164], which
gives a relationship between ‘inverse’ n-width and covering numbers.

Theorem 3 (Mityagin [33])
Let ðX ; jj:jjÞ be a Banach space, K be its subset, sK ¼ supf2K jjf jj; e > 0 and neðKÞ ¼ supfn 2
Nþ : dnðKÞ5eg: If ne is finite, then

coveðKÞ4 8 1þ
sK
e

� �h ine=2
: ð3Þ

Theorem 3 gives a relationship between the rate of increase in coveðKÞ with e and the rate of
decrease in dnðKÞ with n: Indeed, by (3), monotonicity of n-width [21, p. 10], and definition of ne;
for every n 2 Nþ we have

dnðKÞ5e implies neðKÞ5
log2 cov2eðKÞ

3þ log2ð1þ ðsK=2eÞÞ
ð4Þ

Thus, if all elements of K have to be approximated within e by an n-dimensional subspace, then
n has to be at least proportional to the logarithm of the number of balls of radius 2e necessary to
cover K: In the following, we use Theorem 3 together with estimates of covering numbers to
derive a lower bound on the worst-case modelling error by linear methods of certain sets of d-
variable functions.

In some cases of interest in applications (see Section 6), the balls in G-variation contain an
orthogonal subset having ‘sufficiently many’ elements with norms larger than or equal to 1=k;
for each positive integer k: In Reference [17], the concept of a set not quickly vanishing with
respect to a positive integer d; was introduced and defined as a subset A of a normed linear space
ðX ; jj:jjÞ such that A ¼

S
k2Nþ

Ak ; where, for each k 2 Nþ; card Ak5kd and for each h 2 Ak ;
jjhjj51=k: The following proposition gives a lower bound on the n-width dnðB1ðjj:jjGÞÞ; which
will be applied in Section 6 together with Corollary 1 to compare the performances of linear
methods and f-network models of the perceptron type. HðpÞ ¼ �p log2ðpÞ � ð1� pÞ
log2ð1� pÞ; for 05p51; denotes the binary entropy function, and bxc denotes the largest
integer smaller than or equal to a real number x:

Proposition 3

Let ðX ; jj:jjÞ be a Hilbert space, G be its subset containing an orthogonal set not quickly
vanishing with respect to d; and e > 0: Then there exists e0 > 0 such that for 04e4e0 and every
positive integer n;

dnðB1ðjj:jjGÞÞ5e implies n5
bbð1=4eÞ2d=ðdþ2Þc � 1

3þ log2ð1þ ðsG=2eÞÞ
ð5Þ

where sG ¼ supg2G jjgjj and b ¼ 1�Hð1
4
Þ:
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Proof

As G contains an orthogonal set A not quickly vanishing with respect to d; for any integer k we
have coveðB1ðjj:jjGÞ5coveðB1ðjj:jjAk

Þ; where card Ak5kd ; A ¼
S

k2Nþ
Ak ; and minh2Ak jjhjj51=k: By

[34, Lemma 3.7], for k53 one has the following lower bound

cov 1

2k
ffiffiffiffi
kd

p ðB1ðjj:jjAk
ÞÞ52bk

d�1 ð6Þ

where b ¼ Hð14Þ: Taking k 2 Nþ such that kd ¼ bð 14eÞ
2d=ðdþ2Þc and k53 (which implies 04e4e0 for

a suitable e0), from (6) we get

cov2eðB1ðjj:jjGÞÞ52bbð1=4eÞ
2d=ðdþ2Þ c�1

From the definition it follows sG ¼ sB1ðjj:jjGÞ; so by Theorem 3 we conclude that dnðB1ðjj:jjGÞÞ5e
implies

n5neðB1ðjj:jjGÞÞ5
log2ðcov2eðB1ðjj:jjGÞÞÞ
log28ð1þ sG=2eÞ

5
bbð1=4eÞ2d=ðdþ2Þc � 1

log2 8ð1þ ðsG=2eÞÞ

¼
b bð1=4eÞ2d=ðdþ2Þc � 1

3þ log2ð1þ ðsG=2eÞÞ
:

The lower bound from Proposition 3 implies a ‘slow’ decrease with respect to n in the n-width
of balls in G-variation, for G containing an orthogonal set not quickly vanishing with respect to
d: Such a slow decrease implies a poor modelling accuracy by linear methods of functions from
balls in G-variation.

6. APPLICATION TO PERCEPTRON-NETWORK MODELS

This section describes an application of Proposition 3 to a widespread class of f-network
models, namely neural networks with perceptrons as hidden units. As recalled in Section 2, a
perceptron with an activation function c : R ! R computes functions of the form fððv; bÞ; xÞ ¼
cðv � xþ bÞ : Rdþ1 �Rd ! R; where v 2 Rd is an input weight vector and b 2 R is a bias. Widely
used activation functions are sigmoidals, i.e. bounded measurable functions s : R ! ½0; 1� such
that limt!�1 sðtÞ ¼ 0 and limt!þ1 sðtÞ ¼ 1: One can use both continuous sigmoidals (like the
logistic sigmoid 1=ð1þ e�tÞ or the hyperbolic tangent) and the discontinuous Heaviside
function W; defined as WðtÞ ¼ 0 for t50 and WðtÞ ¼ 1 for t50: PdðsÞ ¼ ff : ½0; 1�d ! R : f ðxÞ ¼
sðv � xþ bÞ; v 2 Rd ; b 2 Rg denotes the set of functions on ½0; 1�d computable by s-perceptrons,
jj:jjPd ðsÞ denotes variation with respect to sigmoidal perceptrons with d inputs, and span PdðsÞ is
the set of functions on ½0; 1�d computable by sigmoidal perceptron-network models with any
number of hidden units.

Next corollary provides a lower bound on the complexity of sigmoidal perceptron-network
models.

Copyright # 2003 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2003; 17:179–194

COMPLEXITY OF NEURAL NETWORK 191



Corollary 2

Let d and n be positive integers and s : R ! R be an increasing sigmoidal function. Then in
ðL2ð½0; 1�dÞ; jj:jj2Þ; for every positive integer n and every r > 0

dðB1ðjj:jjPd ðsÞÞ; spann GÞ4
1ffiffiffi
n

p ð7Þ

Proof

It is easy to check that in ðL2ð½0; 1�dÞ; jj:jj2Þ; we have sPd ðsÞ ¼ 1: Thus, the result follows from
Corollary 1 applied to ðX ; jj:jjÞ ¼ ðL2ð½0; 1�dÞ; jj:jj2Þ: &

According to the bound from Corollary 2, to guarantee a modelling accuracy e in
ðL2ð½0; 1�dÞ; jj:jj2Þ the number of sigmoidal perceptron units has to grow at most as 1=e2;
independently of the number d of functions in the mappings to be modelled. On the other hand,
Proposition 3 gives the following lower bound on the complexity of linear methods.

Corollary 3

Let d and n be positive integers and s : R ! R be an increasing sigmoidal function. Then there
exists e0 > 0 such that for 04e4e0 and every positive integer n; in ðL2ð½0; 1�d Þ; jj:jj2Þ we have

dnðB1ðjj:jjPd ðsÞÞÞ5e implies n >
bbð1=ð4eÞÞ2d=ðdþ2Þc � 1

3þ log2ð1þ ð1=2eÞÞ
ð8Þ

where b ¼ 1�Hð1
4
Þ:

Proof

By Reference [34, Proposition 5.1], for every positive integers d and n and every sigmoidal
function s : R ! R; in ðL2ð½0; 1�d Þ; jj:jj2Þ the ball B1ðjj:jjPd ðsÞÞ contains an orthogonal subset not
quickly vanishing with respect to d: Hence Corollary 3 follows from Proposition 3 and from the
fact that sPd ðsÞ ¼ 1:

As discussed in Section 4, many functional classes that are important in applications are
contained in balls Brðjj:jjPd ðsÞÞ (see also Reference [16]); in all such cases, one can apply the upper
bound from Corollary 2 on the number of basis functions in sigmoidal perceptron network
models and the lower bound from Corollary 3 on the number of fixed basis functions in linear
methods.

7. CONCLUDING REMARKS

We have investigated the properties of a class of non-linear models including neural networks, in
terms of approximation rates of non-linear schemes having the structure of linear combinations
of parametrized basis functions, corresponding to a type of network computational unit. The
mappings to be modelled have been represented as hypothesis classes defined by smoothness
conditions (corresponding to different operating environments) in functional spaces dependent
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on the specific modelling task to be accomplished. Exploiting tools from approximation theory,
we have derived estimates of the complexity of linear and neural-network models; such estimates
are expressed as bounds on the number of adjustable parameters necessary for a given modelling
accuracy.

We have discussed classes of non-linear models with desirable computational capabilities and
bounded complexity, guaranteeing that the number of adjustable parameters does not increase
too fast (e.g. only polynomially) with the dimensionalities of certain modelling tasks and is often
much smaller than the number of parameters in linear methods. Our theoretical analysis
supports the intuition that the outperformances of non-linear methods, such as neural-
networks, as compared with linear ones, are justified by a ‘smarter’ way of using adjustable
parameters and of exploiting smoothness hypotheses on the sets of multivariable mappings to be
modelled.

Besides their powerful approximation capabilities, another feature making neural-network
models particularly attractive is their intrinsic parallelism. Although until now such networks
have mostly been simulated on classical serial computers, the availability of parallel VLSI
realizations will made such models still more interesting in complex tasks.

From an experimental point of view, the use of non-linear models such as neural networks is
enforced by their efficiency in complex adaptive tasks; from a theoretical perspective, their use is
made particularly interesting by the possibility of achieving a desired modelling accuracy by
means of much fewer parameters than in the case of linear methods. Thus, experience is
supplemented with the design criteria based on a mathematical analysis: theoretical results
explain why neural-network models should be preferred, and allow a deeper insight into the
choice of a network architecture for a given task.
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