86

IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 18, NO. 1, JANUARY 2007

Design of Asymptotic Estimators: An Approach
Based on Neural Networks and Nonlinear
Programming

Angelo Alessandri, Senior Member, IEEE, Cristiano Cervellera, and Marcello Sanguineti

Abstract—A methodology to design state estimators for a class
of nonlinear continuous-time dynamic systems that is based on
neural networks and nonlinear programming is proposed. The esti-
mator has the structure of a Luenberger observer with a linear gain
and a parameterized (in general, nonlinear) function, whose argu-
ment is an innovation term representing the difference between the
current measurement and its prediction. The problem of the esti-
mator design consists in finding the values of the gain and of the
parameters that guarantee the asymptotic stability of the estima-
tion error. Toward this end, if a neural network is used to take on
this function, the parameters (i.e., the neural weights) are chosen,
together with the gain, by constraining the derivative of a quadratic
Lyapunov function for the estimation error to be negative definite
on a given compact set. It is proved that it is sufficient to impose
the negative definiteness of such a derivative only on a suitably
dense grid of sampling points. The gain is determined by solving a
Lyapunov equation. The neural weights are searched for via non-
linear programming by minimizing a cost penalizing grid-point
constraints that are not satisfied. Techniques based on low-discrep-
ancy sequences are applied to deal with a small number of sampling
points, and, hence, to reduce the computational burden required
to optimize the parameters. Numerical results are reported and
comparisons with those obtained by the extended Kalman filter are
made.

Index Terms—Feedforward neural networks, Lyapunov func-
tion, offline optimization, penalty function, quasi-random se-
quences, state observer.

I. INTRODUCTION

tions, whenever one has to make a decision on the basis of
partial information, e.g., when one deals with a dynamic system
and has to perform a control action having at one’s disposal in-
complete measurements of the state variables. For linear sys-
tems, the estimation problem was solved by the Luenberger ob-
server [1]. After its appearance, various methods have been de-
veloped to construct state estimators for nonlinear dynamic sys-
tems. A Lyapunov function is usually sought to guarantee the
convergence of the estimation error to zero. However, no gen-
eral methodology is available to find such Lyapunov functions

STATE ESTIMATORS play a basic role in many applica-
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for observers of dynamic systems with nonlinearities in unmea-
surable state variables.

The first convergence results on state observers for certain
nonlinear dynamic systems were presented in [2] and [3]. Later
on, different geometric approaches were proposed (see, e.g.,
[4] and [5]), and other methods were developed to estimate
the state variables with asymptotically stable error dynamics
[6]-[8]. In many applications, the so-called extended Kalman
filter (EKF) usually yields satisfactory results, though only local
convergence properties are known [9]. In recent years, the most
successful state estimator for nonlinear systems has become
the high-gain observer [7], [10], particularly for the purpose of
output feedback control, thanks to its global convergence prop-
erties (see, e.g., [11]).

In this paper, we address the state estimation problem for a
class of nonlinear continuous-time dynamic systems using an
estimator designed by adjusting the parameters of a suitably pa-
rameterized innovation function via an ad-hoc developed non-
linear programming algorithm. In order to guarantee the asymp-
totic convergence of the estimation error via a quadratic Lya-
punov function, we search for an innovation term that is made
up of two contributions: 1) a linear gain and 2) a parameterized
input/output mapping that can be represented by certain fami-
lies of neural networks [12]. Such networks exhibit, besides the
so-called “universal approximation property” [13]-[16], pow-
erful approximation capabilities, like a “small” number of pa-
rameters required to guarantee a fixed approximation accuracy,
especially in high-dimensional settings [17]-[20].

The design parameters (i.e., the linear gain and the parameters
of the input/output mapping) are chosen such as to constrain
the derivative of the Lyapunov function to be negative on
a grid of points (obtained by a deterministic sampling rule)
in the Cartesian product of the compact sets to which the
state vector and the estimation error belong. The linear gain
results from the solution of a Lyapunov equation. Once the
gain has been found, the neural weights are searched for
by minimizing a cost function that penalizes the unsatisfied
constraints according to a penalty-function approach [21]. Under
suitable assumptions on the choice of the sampling points
and the smoothness of the Lyapunov function, the negative
definiteness of the derivative is guaranteed also for points not
belonging to the grid. Moreover, we show how this property
is related to a scattering measure of the sequence of sampling
points, called dispersion, which quantifies “how uniformly”
the points are spread in the space. The resulting observer
provides an asymptotically stable estimation error under any
initial condition on a compact set.
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As to the sampling technique, a straightforward approach
based on a uniform sampling of each component of the
state-error product space might be employed, but this would
lead to a “structural” exponential growth of the number of
discretization points and thus make the resulting algorithm
inapplicable in high-dimensional contexts. Among the possible
alternatives, Monte Carlo sampling—i.e., the discretization of
the work space by a sequence of independently and identically
distributed (i.i.d.) points from a uniform distribution—cannot
be employed, due to the probabilistic nature of the bounds
associated with it (i.e., they are subject to a confidence in-
terval), whereas the stability of the estimation error requires
deterministic bounds. In addition, it is known [22] that pure
Monte Carlo sampling is subject to the formation of “clusters”
of points (especially in high-dimensional settings) that under-
mine the uniformity of the discretization when the algorithm is
implemented.

Therefore, to ensure the negative definiteness of the deriva-
tive of the Lyapunov function, we use a sampling technique
that allows a deterministic coverage of the space. Toward
this end, we exploit a family of deterministic sequences,
commonly called quasi-random sequences (or quasi-Monte
Carlo sequences), which aim at covering the space while
minimizing a measure, called discrepancy, strictly related to
the aforementioned dispersion index. Methods based on such
sequences, generally employed in the fields of statistics and
numerical analysis [23], exhibit two advantages over Monte
Carlo methods: 1) they are characterized by better bounds on
the dispersion, and 2) their bounds are deterministic and, hence,
are not subject to a confidence interval [22]. Furthermore, it
is often reported by practitioners that for such sequences the
formation of clusters is less problematic than for Monte Carlo
methods [22]. The use of quasi-random sequences for function
learning by neural networks was first investigated in [24]. In
this paper, we employ such sequences to sample the state and
error spaces efficiently, and show how their use actually leads
to the convergence of the proposed estimation algorithm.

As regards the selection of the design parameters, it is ob-
tained by means of a nonlinear-programming algorithm running
offline [25], [26]. This is a major advantage over other neural
approaches to estimation proposed in the literature (see, e.g.,
[27]-[31]), which rely on the online adaptation of the neural
weights and so may involve a large number of computations in
real-time applications.

Finally, as to the comparisons with the previously mentioned
classical methods for state estimation, we consider the EKF and
the high-gain observer. The main drawback of the former is the
little knowledge of its convergence properties, which are ba-
sically local [9]. On the other hand, the high-gain observer is
characterized by an estimation error that is globally asymptot-
ically stable but relies on a suitable state-space change of co-
ordinates; moreover, it requires a global Lipschitz assumption
about the function describing the nonlinear contribution to the
dynamics. By contrast, our approach does not need an explicit
global Lipschitz hypothesis. We only assume that the trajectory
of the system belongs to a compact set. Under suitable condi-
tions, we guarantee the convergence of the estimation error for
any value of the initial error on such a compact set.
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The paper is organized as follows. Section II is devoted to the
description of the basic assumptions about the system equations
and the structure of the estimator. The stability of the estimation
error is considered in Section III. Section IV describes a class
of parameterized nonlinear mappings that include feedforward
neural networks. Such networks can be fruitfully used for the de-
sign of the estimator, thanks to their approximation properties.
In Section V, a design procedure is outlined. Simulation results
for observers designed by using certain one-hidden-layer feed-
forward neural networks are presented in Section VI, and the
performances of our estimator are compared with those of the
EKF. Brief remarks are made in Section VII, where some con-
clusions are also drawn.

II. SYSTEM DESCRIPTION AND STRUCTURE OF THE OBSERVER

We consider dynamic and measurement equations of the form

4 — Co t>0 (1

{ &= Az + f(z)
where z:(t) € X C R™ is the state vector, X is a connected,
compact set, and y(¢) € R™ is the measurement vector. The
matrices A € R™*™ and C € R™*™ as well as the function
f : X — R™ are supposed to be known.

We make the following assumption.

Assumption 1: The function f : X — R™ islocally Lipschitz
in X. Moreover, the solution of the differential equation in (1)
is well defined V¢ > 0. O

The first part of Assumption 1 guarantees the existence and
uniqueness of a local solution to the differential equation de-
scribing the dynamics in (1) (see, e.g., [11]). The second part
of Assumption 1 ensures the existence of a regime for the dy-
namics of the estimation error and guarantees the possibility of
estimating its asymptotic behavior.

For reasons that will be clarified in the proof of Theorem 1,
we also make the following assumption.

Assumption 2: The pair (A, C') is observable. O

Assumption 2 expresses the fact that we focus on observable
representations (1) or equivalently on systems that are diffeo-
morphic to (1). In [32], necessary and sufficient conditions are
given to ensure the existence of a diffeomorphism that trans-
forms quite a general nonlinear system into the form (1).

The proposed Luenberger-like observer for system (1) has the
following form:

=A%+ f(&)+ L(y— C%) +v(y — C%,w), t>0(2)
where #(t) € R™ is the estimate of the vector x(t) at time ¢,
L € R™™ is a gain matrix, and v : R™ x R? — R" is a
parameterized function that depends on a p-dimensional vector
of parameters, which we denote by w € RP. In Section IV,
we shall choose functions « (e.g., the input/output mappings of
certain neural networks) that exhibit properties to be exploited
in the design of the estimator. Let Z C R™ be the compact set
to which z 2 y — Cz belongs. As to the admissible functions
v, we assume the following.
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Assumption 3: For every w € RP, the function (-, w) :
Z — R™ is locally Lipschitz in Z and such that y(0,w) = 0.
Moreover, the solution of the differential equation (2) is well
defined V¢ > 0. O

The Lipschitz condition in Assumption 3 is a sufficient re-
quirement for having a unique local solution to the differential (2)
describing the observer. The condition (0, w) = 0, Vw € R?,
guarantees that, ifthereexists 7' > Osuchthatz(7") = x(T),then
Z(t) = «(t) for every t > T. Moreover, Assumption 3 ensures
that the origin is an equilibrium point for the dynamic equation of
the estimation error. It is worth noting that the function v can be
of amore general type [33],e.g.,afunctiony : Zx Z xRP — R"
such that y(z1, 22, w) = 0, Vz; = 29 € Z and Yw € RP. Simi-
larly to what has been remarked after Assumption 1, in the last
part of Assumption 3, we assume that the solution of the differ-
ential equation in (2) is well defined to admit the existence of a
regime for the dynamics of the estimation error, and thus to study
its asymptotic behavior.

III. STABILITY OF THE ESTIMATION ERROR

Once 1) the structure of the innovation function + is fixed, 2)
the parameters, represented by the elements of the matrix L and
the components of the vector w € RP, are chosen, and 3) the
measurement vector y(t) is known, the evolution of the estimated
state vector £(t) is completely determined by (2) and the initial
conditions. The choice of the matrix L and the parameter vector
w must ensure the asymptotic stability of the estimation error

Toward this end, we shall construct a Lyapunov function whose
time derivative is negative when computed on the trajectories of
the estimation error. Thanks to the smoothness of the function
f (see Assumption 1), the structure (2) chosen for the estimator,
and the hypotheses on y (see Assumption 3), we shall obtain the
negative definiteness of the derivative of the Lyapunov function
on the whole set X x {E \ {0}} by imposing it only on a fi-
nite grid of points, provided that such a grid is suitably chosen.
Theorem 1 formalizes the aforesaid.

Theorem 1: Consider the state observer (2) for the system (1)
and suppose that Assumptions 1, 2, and 3 hold. Let ¥ C R™ be
a connected, compact set to which the estimation error belongs;
moreover, let § 2 X x {E\ {0}} and, given a positive integer
M, denote by Sy, C S afinite set of points s; 2 col(z;,e;),1 =
1,2,..., M, corresponding to the first M points of a sequence
{si}. Let V(e) = e™Pe be a Lyapunov function, where P €
R™*™ is the symmetric, positive-definite matrix that solves the
matrix equation

(A-LO)"P+P(A-LC) = -Q 3)

where L € R™*™ is a gain matrix and Q) € R™*" is symmetric

. . © A
and positive definite. Moreover, let V' = dV/dt and suppose
there exists a vector w* € R? such that

€y 2_ max V(3,w*) > 0. 4)
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Finally, suppose the set Sy, is such that

Evr
0(Sn) < A

(&)

where Ay, is the Lipschitz constant! of the function V (s, w) with
respect to s for w = w*, i.e., [V (s, w*) =V (s, w*)| < A [ls —
s'||, Vs, s € S, and

8(Sar) 2 sup min ||s — 5| (6)
s€S 5€Su
Then, for any e(0) € FE, the estimation error e(t) of the esti-
mator (2) converges asymptotically to zero. O
Proof: From (1) and (2), we obtain the dynamics of the
estimation error

¢ = (A= LO)e + f(x) = f(#) = (Cew). (D

Under Assumption 3, e = 0 is an equilibrium point of (7). The
derivative of the Lyapunov function V' = T Pe is given by

V=e"[(A-LC)"P+P(A—-LC)]e
+2[f(x) = f(#) — ¥(Ce,w)]" Pe.

Under Assumption 2, for any gain matrix L such that A — LC'is
Hurwitz and for any symmetric positive-definite matrix (), there
exists a unique symmetric positive-definite matrix P that solves
the Lyapunov equation (3) (see, e.g., [11, Th. 4.1, p. 136]).
Therefore, in order to guarantee the asymptotic stability of the
estimation error, we obtain V' < 0 along the trajectories of both
the state and the estimation error under the constraints

2[f(w) = fz =€) = 7, (Ce,w)]" Pe— " Qe <0
Ve e X Vee E\{0}. (8)

Instead, we will prove the asymptotic convergence of the esti-
mation error by i) imposing that V(si, w) be negative only at the
points of Sy, ii) exploiting the regularity of V, and iii) choosing
a sampling rule that guarantees a suitably dense covering Sps
of S. Toward this end, consider the derivative of the Lyapunov
function at points s; € Sy

V(si,w)=2[f(z:) — f(z; — ;) — v(Ces,w)]" Pe;—e] Qe

i=1,2,....M. (9
In order to ensure that inequality (8) holds for w = w* (i.e.,
V(s,w*) < 0 for any s € S), we first note that the func-
tion V(-,w*) is locally Lipschitz in S, due to the local Lips-

chitz continuity of the functions f and . For s € S, let 5 2

arg min ||s — 5|| be the sample point in Sj; closest to s. The in-
SESM i X

equality |V (s, w*) =V (5,w*)| < Ay ||s—3§]||, Vs € S, provides

Ay |ls—3] < V(s,w*)—V(g, w*) < Ay lls—3|| Vs € S.

(10)

IThe constant A, depends on the number v of basis functions in the param-
eterized innovation function, while €, depends on v and on the number M of
sample points; however, to simplify the notation, we do not write these depen-
dences.
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Random sequence
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Low-discrepancy sequence
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Fig. 1. Comparison between random and low-discrepancy samplings of the 2-D unit cube.

Using (4), the second inequality in (10) gives
V(s,w") < Aplls — 8| + V(3 w)

<Apsuplls — || — €y VseS. (11)
sES
Thus, by the definitions of § and 6(Sys) [see (6)], we have

6(Sna) = sup||s — §|| and (11) yields
s€ES

V(s,w*) < A\p8(Sar) — e

If (5) holds, then V(s, w*) < 0,Vs € S and so the inequality
(8) holds; hence, using [11, Th. 4.1, p. 114], the estimation error
converges asymptotically to zero. O

Condition (5) deserves some comments. The quantity 6(.Sys)
is called the dispersion of the sequence of M points of the set Sy
[23] and is a measure of the uniformity of the distribution of the
points of Sys in S. Roughly speaking, a small value of 8(Sy)
guarantees that the points of Sy, are spread on S “in a uniform
way,” i.e., without leaving regions of the space “undersampled,”
and by placing the points “close enough” to one another.

To satisfy the low-dispersion condition (5), one can use
random sampling with a uniform distribution, provided that
the sample size M is large enough [23]. However, the best
dispersion properties, in the sense described previously, belong
to special deterministic sequences called low-discrepancy se-
quences, commonly employed in the fields of number-theoretic
methods, statistics, and quasi-Monte Carlo integration. Exam-
ples of such sequences are the (t,n)-sequences, the Halton
sequence, and the Hammersley sequence [22], [23].

Low-discrepancy sequences share an important feature [23]:
They attain deterministically a rate of convergence for the dis-
persion of order

O(M~Y2") < 0(Spr) < O(V2nM 127,

Using such sequences, we are guaranteed that, for every €y, and
Ay, there exists a suitable number M of points such that condi-
tion (5) is satisfied, i.e., #(Sas) < €y /Ay forevery M > M.

For what concerns the actual number of points needed to ful-
fill the condition (5), there exist nonasymptotic bounds on dis-
crepancy and dispersion [23]. Yet, such bounds are often very
conservative, and in practice one finds that satisfactory results
can be obtained by using a “reasonably small” number of dis-
cretization points, as is the case with the experimental results of
Section VL.

As compared with random sampling, a discretization based
on low-discrepancy sequences suffers less from the formation
of clusters of points in particular regions of the space [22] (such
formation undermines the sampling uniformity). Fig. 1 shows
the comparison between a sampling of the two-dimensional
(2-D) unit cube by a sequence of 500 points i.i.d. according
to the uniform distribution and by a sampling of the same
cube obtained via a low-discrepancy sequence (in this case,
the Sobol’ sequence [34]). It can be clearly seen how the
space is better covered by the second sequence, as well as how
the largest empty spaces among the points appear in the first
sampling scheme.

To determine the parameter vector w* € RP that satisfies (4),
we exploit a penalty method [21, p. 397]. For a fixed A > 0, we
define the cost function

Z {max [07 V(s;, w) + A} }2 (12)

si€ESM

Ju(w) =

and we introduce the nonlinear programming problem that con-
sists in finding w® € RP such that

w® € argmin Jy (w).
weRP

(13)
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By its definition, Jy;(w) > 0 for every w € RP and, by inspec-
tion of the proof of Theorem 1, the conditions (4) and (5) imply
that there exists w* € RP such that V(s,w*) < 0,Vs € S.
Hence, by taking w* as in (4) and A = mgn |V (si,w™*)|, one
Si€ESM
has Jy(w*) = 0, and so w* € arg min Jys(w). On the other
weRP
hand, if @ € argmin Jy(w), then V(s;, @) < 0, Vs; € Sur;

weERP
hence, in Theorem 1 one can take w* = w.

In Section IV, we will consider certain parameterized inno-
vation functions, including some widely used neural networks,
the choice of which allows one to satisfy the condition (4), hence
(on the basis of the discussion reported previously) to guarantee

that arg min Jj; (w) is nonempty.
wERP
Note that there may be different values of w® that result from

the minimization in (13), i.e., the solution of the minimization
problem may be nonunique. In particular, for commonly used
feedforward networks, there exist transformations of the param-
eter vector w leaving the input/output mapping unchanged [35],
so the minimum point of Jy;(-) is not unique, i.e., in general,
arg min,ere Jps(w) is not a singleton.

At this point, the design of the observer is reduced to the
solution of the optimization problem (13). Its solution can be
obtained via nonlinear programming techniques, which allow
one to find offline the values of the parameter vector w°. This
is an important advantage of our approach over other neural
approaches to estimation proposed in the literature (see, e.g.,
[28]-[31]), which are based on the online optimization of pa-
rameters, possibly involving large computational efforts in real-
time applications.

IV. CLASS OF ONE-HIDDEN-LAYER NETWORKS IN THE
STRUCTURE OF THE OBSERVER

So far, we have considered the problem of designing the esti-
mator (2) for the system (1) by searching for a matrix I, € R™*™
and a vector w € RP associated with a suitable Lyapunov func-
tion for the estimation error. In order to attain this objective in
a convenient way, we further restrict the class (2) of observers
by considering functions -~y that not only satisfy Assumption 3
but also take on a special structure. For a positive integer v, they
are expressed as linear combinations of v functions with a fixed
structure and dependent on a vector w,, € RP of parameters. By
C(K,R™), we denote the space of continuous n-valued func-
tions on a compact set K C R™, equipped with the supremum
norm. For every positive integer v, we define the following class
of functions.

Definition 1: Let K C R™ be compact,vandl;,7 = 1,...,v
be positive integers, ¢; : K x R — R, and V'(v) = S L+
nv. We call one-hidden-layer networks the functions belonging
to the set

Ayé{fyy - K x RV®) _ R™ such that

1)71/]' (f;wuj) = Zci]’@i(f,/ﬂ), dce R+
=1

such that |¢;;| < €, ki € RY, 1=1,...,v,

. A .
j=1,....n, wy; =col(cij, ki i =1,...,v);
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2) the functions ¢;(+, ;) are Lipschitz, i.e.,
Vi=1,...,v3 )\ €R" such that

’

Vi € R, J@i(€ ki) — @i(€ k)| < i€ = €');
3)i(0,k;)=0,i=1,...,v Vk; € RY;

’

4) U A, is dense in C(K,R™) with respect to

v=1

the supremum norm.} O

To avoid burdening the notation, we do not write explicitly the
dependence of A, on the integers m, [;, and n, the reals ¢, ¢,
and )\;, the set K, and the functions ;.

If one uses a one-hidden-layer network as a parameterized
innovation function in (2), then the observer takes on the form

& = Ad+f(2)+L(y—Ci) 4+, (y—Ci, w,), t>0 (14)

where v, € A,.

The definition of A,, characterizes one-hidden-layer networks
as a particular kind of nonlinear approximators called variable-
basis functions [17], [18], [36]. For ¢ = 1,...,v, the map-

pings ¢;(+,) play the role of “mother functions,” and the co-
efficients ¢;; and the components of the vectors «; are “free”

parameters, lumped together in the vector w,, = col(wy;,j =
1,...,n) € RN (™) In practice, as the parameters «,; inside the
basis functions allow high flexibility, variable-basis functions
are typically obtained by changing such parameters in a unique
mother function ¢(-, -), i.e., one usually takes ;(-,-) = ¢(-, )
forevery+ = 1, ..., v. The properties of variable-basis approxi-
mation and their application to optimization problems have been
studied in [17]-[19], [36]-[38].

Note that items 2) and 3) in Definition 1 take into account the
requirements of Assumption 3 (the functions =, are Lipschitz,
as they are the sums of v Lipschitz functions). Then, we have
Proposition 1.

Proposition 1: For any positive integer v, one-hidden-layer
networks A, are admissible functions -y in the observer (2) for
the system (1). O

Once a type of one-hidden-layer network has been chosen,
i.e., once a mother function ¢(-,-) has been selected, the
Lyapunov function for the observer (14) depends on the values
of the entries of the matrix L and of the components of the
vector w,,. As to the function ¢, it is suitable to make a choice
generating sets A, that have as large as possible a closure in
the supremum norm on K. Loosely speaking, the larger such a
closure is, the wider the choice at our disposal for a Lyapunov
function becomes. We will use one-hidden-layer networks that
are dense in the space of continuous functions on compact
sets, i.e., in the neural-network parlance, that exhibit the uni-
versal approximation property [39]. Well-known examples of
one-hidden-layer networks are feedforward neural networks of
the perceptron type, with at most v hidden units and bounded
parameters, and radial basis function (RBF) networks with at
most v hidden units and bounded input weights and variances.
The following are examples of sets A, obtained by basis
functions corresponding to computational units widely used in
neurocomputing.
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1) Feedforward neural networks of the perceptron type, with
at most v hidden units and bounded parameters

P, 2 {% . K x RV(mtntD=m=1 _ pngych that
v—1
i€ wii) = cijo(éTa; + B;) + mj, where
i=1
A )
Wyj = COl(cijvaivﬂivz =1,...,v— lvnj)v
7=1,...,n; and
¢ : R—Ris bounded, Lipschitz, and nonpolynomial;
cij, Bi € R,a; € R™, ¢ € R such that

max {|c;;|} < C} (15)
¥
2) Radial-basis-functions with at most v hidden units and
bounded parameters

R, 2 {’yy : K x Rvmtntl)—m—1 _ g gich that

v—1
-
Yoi (€, wuj) = Z Cij P (Hbin + 7, where

i=1

¢ : R — R is bounded, Lipschitz, and radial;
cij, bi €R, b; >0, 7, € R™, 3¢ € RT such that

max {[c;;|} < ¢, } (16)
i,

To simplify the notation, we have omitted the dependences of
‘P, and R, on ¢, the integers m and n, the set K, and the func-
tion (.

Note that the definitions of P, and R, entail a summation of
v — 1 parameterized functions with the same structure ¢, plus a
constant that plays the role of the vth function, required to ac-
count for a “bias.” In the definition of A,, the explicit introduc-
tion of the bias term is not necessary, as the summation is over v
possibly different functions ¢; (so the biases can be “modeled”
by one of such functions).

The proofs of the fact that the functions in P, and R, are
provided with the density property in the space C( K, R™), where
K C R™ is compact, can be found, for example, in [13] and [14]
for feedforward neural networks of the perceptron type and in
[15] and [16] for RBF networks.

In general, the Lipschitz constants of the functions in P, and
R, depend on the number v of basis functions, and generally
grow with it. A sufficient condition to have Lipschitz constants
independent of v lies in imPOSing for some u > 0 also the
overall condition max{>_:_, |¢;j|4+n;} < won the coefficients

of the linear combination of parameterized basis functions; un-
fortunately, in such a case, the density requirement cannot be
guaranteed [14].

It is worth noting that the procedure used in our algorithm
to optimize the parameters (i.e., the vector of the weights of
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the neural network) is quite different from standard neural net-
work training, where the goal is to minimize the distance of
the network output from given target values. This procedure,
used also in [40], is sometimes called distal training and applies
ad-hoc techniques, which are often modified versions of stan-
dard minimization algorithms (for such algorithms, see, e.g.,
[41], [42], and the references therein). Our approach is somehow
dual to the one reported in [40] to design closed-loop neural
controllers, where the constraints are satisfied by minimizing
a quadratic penalty function via a specialized version of the
Levenberg—Marquardt algorithm.

We conclude this section with a remark on another desirable
property of certain one-hidden-layer networks. When the inno-
vation function depends on a large number m of measurements,
a very large number v of basis functions might be required by
a one-hidden-layer network to guarantee the desired estimation
accuracy e. If, for a fixed value of ¢, the growth of v as a function
of m is very fast (e.g., an exponential growth), then the com-
putational requirements might become unacceptable for large
values of m. This behavior is an instance of the so-called curse
of dimensionality [43]. To guarantee the possibility of finding an
observer implemented with a “small” number v of basis func-
tions also for estimation problems with large m, we can resort to
special families A, of parameterized functions [19]. Such fam-
ilies exhibit the important and highly desirable property that,
under not too restrictive conditions, the number v of basis func-
tions required to guarantee a fixed approximation accuracy has
to grow at most polynomially with the number m of components
of the measurement vector (see [17]-[20] for details). Feedfor-
ward neural networks with suitable choices of the basis func-
tions show this property, and will be used in the numerical sim-
ulations reported in Section VI.

V. DESIGN PROCEDURE

On the basis of Theorem 1 and of the choices of elements of
low-discrepancy sequences as discretization points and neural
networks as parameterized functions, discussed in Sections III
and IV, respectively, we propose the following procedure for the
design of the observer.

Given: X C R" compact, A € R"*", C € R™*",
f: X — R™

1) Find a gain matrix L such that A— LC'is Hurwitz and take a

symmetric, positive definite matrix ). Let P be the unique
symmetric, positive-definite matrix solving the Lyapunov
equation

(A-LC)Y'P+P(A-LC)=-Q

and define the quadratic Lyapunov function V = eT Pe.

2) Choose a connected, compact set £ C R"™, positive inte-
gers M and v, and A > 0.

3) Choose a basis function ¢ and construct the set A, of ad-
missible innovation functions.

4) Generate a low-discrepancy sequence of sample points s;,
i=1,...,M,belonging to Spy C X x {E\ {0}}.
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Fig. 2. Numerical results for po = 0.01, ¢ = 0.001, r = 0.01, (0) = [-1 — 1], and &(0) = [0 0]".
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Fig. 3. Numerical results for po = 0.01, ¢ = 0.001, r = 0.01, #(0) = [0 0]*, and £(0) = [-1 — 1]*.
5) Let Let ¢, = — Inax V (s, wy ) and 0(Sy) =
sup min ||s — 5|
. 2 s€S 5€Sm
Iy (w) = Z {max [O,V(si,w) + A]} 8) If e
5, €SM 9<SM) < /\_
v
and .
then stop, else increase M and go to step 4).
o . The selection of the connected, compact set £ C R™ in step
Wy,m € afvggﬂrq}in i (w). 2) can be made on the basis of some a priori knowledge of the
magnitude of the estimation error.
6) If .J M(wl‘j’ a) > 0, then decrease A > 0, increase v, and The cqndition Jm (wz,M) > 0 in step 6) occurs if the con-
g0 to step 5). straints V(si,w; v) < 0,Vs; € Sy are not satisfied. De-
7) Let Ay, € Rt be such that creasing A > 0 and increasing v, it may be easier to fulfill such

constraints. For a similar reason, one may increase M when the
. o, , sampling points belonging to Sj; are not so spread as to let
o o
‘V (37wu,M) -V (5 7wu,M)‘ < /\VHS - “ H(SM) < 6"///\"/.
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Fig. 4. Numerical results for p; = 0.01, ¢ = 0.01, »r = 0.1, 2(0) = [-1 — 1]*, and #(0) = [0 0]*.
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Fig. 5. Numerical results for p; = 0.01, ¢ = 0.01, »r = 0.1, 2(0) = [0 0]*, and £(0) = [-1 — 1]*.

VI. NUMERICAL RESULTS

Let us consider a Van der Pol equation with the vector x =

(w1, 12)7T to be estimated by using only the measurements of z;
&1 =Ty

iy = — 921 +2 (1 —27) 25

y=m1. 7)

As is well known, the dynamics of (17) is not stable to zero since
it admits a limit cycle. Referring to the system model (1), from
(17), we have

0 1 0
A‘(—g 0) f(“’)_[z(l—ﬁ)m} ¢=01 0.
Note that the pair (A4, C') is observable.

The design of the observer (14) for the system (17) needs first
the selection of a type of neural network, according to the req-

uisites in Section IV. Toward this end, we chose a one-hidden-
layer sigmoidal feedforward neural network belonging to the
class P, defined in (15), with » = 5 neural units and output
biases equal to zero. We took the gain matrix

I 0.03
—0.06
and so the eigenvalues of A — LC' have negative real parts.

The solution of the Lyapunov (3) with @ equal to the identity
gave

p_ < 15.6667

—0.5000
—0.5000 '

1.8829

Oncethe matrix P was found, the weights of the neural network
were determined by minimizing the cost (12) on a sufficiently
“rich” gridon X x {E\ {0}}, where X = [-3,3] x [-7, 7] and
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Fig. 7. Numerical results for po = 0.1, ¢ = 0.01, 7 = 0.1, (0) = [0 0], and #(0) = [-1 — 1]T.
E = [-3,1] x [-6, 4]. We verified that a discretization made up VII. CONCLUSION

of 1500 points from a low-discrepancy sequence (specifically, a
Sobol” sequence [34]), suitably scaled to fit the set X x F, was
enough to give satisfactory results with A equal to 0.07.

The minimization was performed by using a standard Matlab
routine of the optimization toolbox [44].

For the purpose of a comparison with the EKF, we considered
additive, truncated, Gaussian, zero-mean random disturbances
acting on the dynamic and measurement equations in (17) with
the covariance matrices of the initial state, the system noise, and
the measurement noise equal to po!, ¢I, and r, respectively.

The results obtained under different conditions and four dif-
ferent values of pg, ¢, and r are shown in Figs. 2-9. It is worth
noting that such information on the statistics of the initial state
and of the disturbances is used only by the EKF, i.e., the param-
eters pg, ¢, and 7 can be used to tune this filter.

We have presented a methodology based on neural networks
and nonlinear programming to design state observers for a class
of nonlinear continuous-time dynamic systems. The contribu-
tion of this work is three-fold. First, a structure of the esti-
mator has been considered that depends on an innovation func-
tion made up of two terms, i.e., a linear gain and a parameter-
ized nonlinear mapping that can be taken on by certain feed-
forward neural networks. The gain and the parameters (e.g., the
neural weights) may be chosen such as to guarantee the asymp-
totic convergence of the estimation error to zero by finding a
quadratic Lyapunov function. Second, such a Lyapunov func-
tion is searched for by constraining its derivative to be nega-
tive on a well-shaped sampling grid of points; this is accom-
plished by minimizing offline a cost function that penalizes the
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constraints that are not satisfied. Third, as to the choice of the
sampling points, we have exploited the so-called “low-discrep-
ancy sequences,” which ensure a deterministic convergence at
favorable rates when the number of sampling points grows.

The proposed state estimator does not require a state-space
coordinate change and a global Lipschitz assumption, as
needed, for example, by the high-gain observer. As compared
with the EKF, we have proved the asymptotic stability of the
estimation error under any initial condition on a compact set,
whereas, up to now, the error of the EKF has been demon-
strated to be only locally stable. Simulation results on a simple
numerical example confirm the effectiveness of our approach
in comparison with the EKF.
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